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The  purpose  of  this  training 
manual  is  to  provide  a  detailed  explana¬ 
tion  of  the  aspects  of  linear  program¬ 
ming  that  must  be  understood  if  forest 
planners  and  other  forest  personnel 
are  going  to  use  the  tool  effectively 
in  the  development  of  national  forest 
land  use  plans.  The  choice  of  topics 
covered  is  directed  to  this  end. 

Linear  programming  (LP) 
of  a  group  of  techniques  or 
known  as  mathematical  programming 
techniques.  Other  members  of  this 
group  include  goal  programming,  which 
is  a  special  case  of  LP,  integer 
programming,  and  a  variety  of  nonlinear 
programming  models  such  as  quadratic 
and  geometric  programming.  All  of 
these  techniques  are  classified  as 
optimization  models  in  that  they  are 
designed  to  choose  an 
alternative  from  a  set 
feasible  alternatives.  The  optimal 
alternative  is  the  one  which  yields  the 
minimum  or  maximum  value  of  some  numeri 
cally  measurable  criterion  of  per¬ 
formance  . 


"optimal" 
of  possible 


o  r 


Certain  important  aspects  of  LP,  most 
notably  the  dual  problem  and  certain  refined 
solutions  techniques,  have  been  omitted. 
These  topics  are  covered  in  one  or  more  of 
several  standard  LP  texts.  The  partial  list 
of  these  may  be  found  at  the  end  of  this 
text . 


Each  of  these  models  is  composed  of 
a  set  of  mathematical  relationships 
v.  hich  are  functions  of  activities  that 
comprise  the  alternatives.  These 
relationships  describe  the  criterion 
of  optimality  (objective  function) 
and  the  set  of  feasible  alternatives 
(constraints  due  to  limitations  of  the 
system  being  modeled).  In  the  linear 
programming  model,  all  mathematical 
relationships  are  linear,  while  in 
nonlinear  programming  models  one  or 
more  of  the  re  1  a t  i  on s h i ps  are  nonlinear 

Mathematical  programming  models 
are  members  of  a  larger  group  of 
techniques  classified  as  operations 
research  techniques.  A  precise 
definition  of  the  term  "operations 
research,"  and  one  that  would  be 
agreeable  to  all  people,  is  difficult 
to  state.  One  possible  definition 
is  that  operations  research  techniques 
incorporate  a  scientific  methodology 
for  making  decisions.  Computer  simula¬ 
tion,  queuing  theory,  decision  theory 
and  network  analysis  are  other  examples 
of  operations  research  techniques. 

Like  operations  research,  the  term 
"systems  analysis"  means  different 
things  to  different  people.  Often  the 
two  terms  are  regarded  as  synonyms  and 
that  is  the  approach  taken  here. 

The  application  of  operations 
research  techniques  to  the  solution  of 
real  world  problems  first  occurred 
during  World  War  II  in  the  areas  of 
military  planning  and  logistics.  Since 
that  time,  applications  have  been 
developed  in  such  disciplines  as 
economics,  statistics  and  the  social 
sciences. 

For  example,  one  important  pre¬ 
liminary  step  in  the  implementation  of 
any  major  project  is  development  of  a 
timetable,  or  schedule  of  activities, 
that  must  be  completed  to  finish  the 
project.  A  network  analysis  technique 
known  as  PERT  (Program  Evaluation  and 
Review  Technique)  is  often  used  in  the 
development  of  such  a  timetable.  The 
technique  is  also  useful  in  helping  to 
identify  which  activities  or  steps  are 
critical  in  the  sense  that  they  must 
be  completed  on  time  for  the  overall 
project  schedule  to  be  met.  These 
activities  define  what  is  known  as  the 
critical  path. 

The  development  of  high-speed 
computers  has  been  of  fundamental 
importance  to  increasing  application  of 


1 


operations  research  techniques  to  large 
scale  real  world  problems.  Consider 
linear  programming,  the  operations 
research  technique  to  which  this  manual 
is  devoted:  The  algorithm  used  to 

solve  an  LP  problem  is  known  as  the 
simplex  method.  Because  of  the 
amount  of  computation  it  would  take 
several  hours  to  manually  solve  a 


problem  involving  even  three  or  four 
variables.  Problems  arising  from  de¬ 
velopment  of  multiple-use  land  manage¬ 
ment  plans  may  involve  hundreds  or 
thousands  of  variables.  Solution  of 
such  large  problems  by  hand  is  clearly 
impossible.  The  only  practical 
approach  is  use  of  a  high-speed  computer 
and  the  sophisticated  solution  algorithms 
on  such  a  machine. 


"Program"  has  different  meanings.  There  are  "mathematical 
programs"  and  "computer  programs."  In  the  former  term, 
"program"  can  be  regarded  as  a  synonym  for  "planning," 
while  in  the  latter  case,  "program"  refers  to  a  set  of 
instructions  to  a  computer  written  in  a  special  computer 
programming  language  such  as  Fortran.  Confusion  on  this 
dual  usage  of  program  is  compounded  by  the  fact  that 
mathematical  programming  problems  are  solved  with  the  aid 

of  computer  programs. 
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1 A  Forest  Service 
Systems  Analysis  or 
Operations  Research 
Approach  to  Multiple 
Use  Planning1 

One  major  problem  facing  the 
manager  of  wildlands  is  satisfying 
the  growing  demand  of  the  American 
people  for  various  products  and 
experiences  such  lands  can  provide. 
Public  lands,  including  the  national 
forests,  are  being  called  on  to 
satisfy  a  large  proportion  of  these 
demands.  The  diversity  of  demands 
leads  to  conflict,  one  which  increases 
both  the  difficulty  and  number  of 
problems  a  manager  faces.  For  example, 
certain  interest  groups  favor  a 
preservationist  approach  to  land 
management  that  involves  the  designa¬ 
tion  of  large  areas  of  land  as  wilder¬ 
ness  or  national  parks.  These  areas 
would  be  managed  for  the  preservation 
of  natural  flora  and  fauna,  while  the 
production  of  most  commodities  would 
be  de -empha s i zed .  On  the  other  hand, 
other  interest  groups  favor  land 
management  policies  that  enhance  the 
production  of  commodities  such  as 
t  i  mber  and  fo  rage . 

As  managers  address  the  problem 
of  how  to  best  satisfy  these  demands, 
they  must  determine  the  productive 


Taken  from  an  article  entitled  Linear 
Programming  -  an  Analytical  Aid  for  Land 
Management  Planning  on  National  Forests.  The 
Journal  of  Forestry  (In  press). 


capabilities  of  the  resources.  This 
involves  determining  -  (1)  the 

suitability  of  the  area  for  producing 
the  desired  p r od uc t s / e x pe r i e n c e s  and 
(2)  the  level  or  rate  at  which  such 
products/experiences  may  be  produced 
without  destroying  long-term  productive 
potential.  Unfortunately,  determination 
of  productive  capabilities  is  compli¬ 
cated  by  poor  understanding  of  the 
biological  systems  that  comprise  even 
a  small  wildland  resource.  As  a  result 
impacts  -  especial  ly  long-term  impacts  - 
of  some  management  strategies  can  be 
difficult  to  estimate.  As  an  extreme 
example  of  this  problem:  Some  clearcuts 
have  been  conducted  on  poor  site  lands 
and  regeneration  has  proved  difficult, 
with  the  result  that  sites  are 
unstocked  for  years  after  harvesting. 


SYSTEMS  ANALYSIS  IN  NATURAL 
RESOURCE  MANAGEMENT 

Because  of  problems  1  ike  the  ones 
discussed  above,  the  development  of  a 
comprehensive,  workable  and  effective 
land  management  plan  for  a  large  wild¬ 
land  system  such  as  a  national  forest 
is  a  very  complex  process.  This 
complexity  is  reflected  in  the  planning 
process  outlined  in  §219-5,  Regional 
and  Forest  Planning  Process  contained 
in  the  National  Forest  Management  Act 
planning  regulations. 

It  will  be  necessary  to  consider 
a  large  number  of  issues,  demands, 
management  strategies  and  system 
responses  to  management.  A  great  deal 
of  data  must  be  assimilated  and  a 
rational  procedure  for  development  and 
evaluation  of  alternative  plans 
designed.  Such  plans  must  be  developed 
in  a  way  that  insures  responsiveness 
to  public  issues  and  management 
concerns;  utilization  of  the  best 
technical  information  available;  and 
most  importantly,  responsiveness  to 
changes  in  the  public  issues,  manage¬ 
ment  concerns,  and  technical  informa¬ 
tion  .  ^ 


o 

John  M.  Devilbiss.  Arapaho  and  Roosevelt 
National  Forests  Forest  Planning  Process  Work 

Plan.  53  P-  Arapaho  and  Roosevelt  National 
Forests,  Ft.  Collins,  CO. 
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All  these  factors  combine  to 
create  a  situation  where  effective 
management  is  both  important  and 
difficult  to  accomplish. 

Situations  such  as  these  lend 
themselves  to  the  application  of 
systems  analysis  techniques.  While 
it  is  possible  to  develop  effective 
land  management  plans  without  the  aid 
of  these  techniques,  experience  of 
the  Systems  Application  Unit  for  Land 
Management  Planning  (SAU-LMP)  group 
and  others  has  shown  that  such 
techniques  are  extremely  useful  in 
plan  development.  Linear  programming 
(LP)  in  particular  has  proved  to  be  a 
useful  analytical  aid  in  this  process. 
For  a  general  discussion  of  how  LP 
and  other  analytical  aids  have  been 
used  by  the  SAU-LMP  group,  the  reader 
is  referred  to  the  guide  developed  by 
Betters. ^  "Linear  Programming  and  the 
Planning  Process"  in  this  section 
describes  one  scheme  for  incorporating 
LP  into  the  process  of  developing  a 
forest  plan. 

While  this  manual  concentrates  on 
application  of  LP  to  land  management 
planning,  it  is  important  to  realize 
that  this  technique  has  been  applied  to 
a  wide  variety  of  problems  in  forest 
or  natural  resource  management.  A 
search  of  the  literature  by  Bare  in 
1971  produced  336  references  containing 
applications  of  systems  analysis 
techn i ques . ^  In  1973,  Martin  and 
Sendak  published  an  annotated  biblio¬ 
graphy  of  416  references  of  such 


applications,^  and  as  of  1976  there 
were  925  applications  of  these 
techniques  to  forest  land  management 
problems  cited  in  the  literature. 

This  increase  is  a  reflection  of 
the  effectiveness  of  these  tools  as 
aids  to  forest  land  management.  The 
majority  of  these  applications 
incorporate  either  LP,  computer 
simulation  technqiues,  or  some 
combination  of  both.  Reasons  for  the 
predominance  of  the  use  of  LP  techni¬ 
ques  over  other  mathematical  programming 
techniques  are  discussed  in  Section  7  • 

As  the  need  for  such  management 
increases,  the  importance  of  systems 
analysis  techniques  and  management 
aids  should  also  increase. 


LINEAR  PROGRAMMING  &  THE 
PLANNING  PROCESS 

Section  219.5  of  the  NFMA  planning 
regulations  specifies  the  ten  minimum 
interrelated  actions  that  comprise  the 
planning  process: 

1.  Identification  of  issues, 
concerns,  and  opportunities 

2.  Planning  criteria  (general  and 
evaluation  criteria) 

3.  Inventory  data  and  information 
col  lection 

4.  Analysis  of  the  management 
s  i  t  u  a  t  i  o  n 

5.  Formulation  of  alternatives 

6.  Estimated  effects  of  alterna¬ 
tives 


"'David  R.  Betters,  Quantitative  Techniques 
and  Land  Management  Planning _,  August,  1977- 
Available  at  the  Systems  Application  Unit  for 
Land  Management  Planning  (SAU-LMP),  USDA 
Forest  Service,  3825  E.  Muberry,  Ft.  Collins, 
CO  80524. 
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B.  Bruce  Bare,  Applications  of  Operations 
Research  in  Forest  Management:  A  Survey, 

Quantitative  Science  Paper  No.  26,  Center  for 

Science,  University  of  Washington, 
57  p. 


Quant i tat i ve 
Seattle,  WA, 


A.  J.  Martin  and  P.  E.  Sendak,  Operations 
Research  in  Forestry:  A  Bibliography 3  USDA 
Forest  Service  General  Technical  Report  NE-8, 
Upper  Darby,  PA,  1973,  90  p. 

^B.  Bruce  Bare  and  Gerald  F.  Schreuder, 

Application  of  Systems  Analysis  in  Wildlife 
Management:  An  Overview.  Presented  at  the 
ORSA/TIMS  Joint  National  Meeting, 

Philadelphia,  PA,  3/21  -  4/2,  1976. 
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7-  Evaluation  of  alternatives 

8.  Selection  of  alternative 

9-  Plan  implementation 
10.  Monitoring  and  evaluation 

It  is  important  to  note  that  while 
some  of  these  actions  are  sequential 
with  respect  to  time,  some  occur  at 
the  same  time  and  others  are  repeated 
throughout  the  planning  process. 

The  above  list  of  actions  is 
certainly  not  the  only  possible 
approach  utilized  to  develop  a  forest 
plan;  it  is,  however,  representative 
of  the  type  of  planning  process 
required.  Implementation  requires 
a  large  number  of  diverse  types  of 
activities  conducted  by  people  possess¬ 
ing  different  expertise.  For  example, 
the  work  plan  for  the  development  of 
the  Arapaho-Roosevel t  National  Forest 
Plan  indicates  at  least  250  activities 
are  required  to  implhment  the  NFMA 
process.  (Devilbiss,  Arapaho  and 
Roosevelt . .  .  Work  Plan.  ) 

Because  of  the  need  for  different 
kinds  of  expertise,  the  formation  of 
an  effective  interdisciplinary  (ID) 
team  is  one  of  the  most  important 
steps  in  this  process. 

Members  of  this  team  must  have  a 
general  understanding  of  the  role  of 
LP  in  the  planning  process  even  though 
they  may  not  be  directly  involved 
with  formulation  and  solution  of  the 
model.  As  Betters  ( Quantitative 
Techniques)  has  pointed  out,  LP  is 
only  one  of  a  number  of  analytical 
aids  available  for  use  in  plan  develop¬ 
ment.  This  would  suggest,  and 
correctly  so,  that  formulation  and 
solution  of  a  linear  program  is  only 
one  aspect  of  the  planning  process. 
Unfortunately  there  is  a  tendency  to 
believe  that  "LP"  and  "planning"  are 
synonymous.  The  formulation  and 
solution  of  a  linear  program  is  often 
considered  to  be  the  same  as  the 
actual  development  of  the  plan.  In 
reality  it  is  only  one  step,  albeit 
an  important  one,  in  the  overall 
planning  process. 

One  way  to  clarify  the  role  of  LP 
in  the  planning  process  is  by  way  of 
an  example.  A  list  of  some  principal 
planning  activities  and  their 
association  with  the  ten  major  planning 
actions  identified  by  the  NFMA 
regulations  is  given  in  table  1.1 
(adopted  from  Devilbiss,  1978).  The 


Table  1.1  Some  planning  activities  and  their  relationship 
the  NFMA  planning  actions 


Identification  of  Issues,  Concerns  and  Opportunities 

Public  involvement 
Issue  strategies 
Futures 

Listing  of  issues 
Management  concerns 
Interagency  coordination 
RPA/regional  plan 
Legal  review) 

Research}  °"9°.ng 


Development  of  Planning  Criteria 

P  roces  s  criteria 
Decision  criteria 


Inventory  Data  and  Information  Collection 

Resource  inventory 
Information  systems  design 
*Land  stratification  system 
Interagency  coordination 

Analysis  of  the  Management  Situation 

Capability  area  delineation 
*  Resource  output  coefficients 
Suitability/capability  analysis 
-■'Analysis  area  delineation 
*Management  prescription  development 
Demand  analysis 
*Mode 1  design 
* L P  matrix  generation 
*Supply  analysis 

*  Projection  of  current  management  direction 
* Alternative  formulation 


Formulation  of  Alternatives 

Public  involvement 
*Alternative  formulation 


Estimated  Effects  of  Alternatives 

*Alternative  analysis 
Cost-benefit  analysis 
Input-output  analysis 
*  Environmental  impact  analysis 


Evaluation  of  Alternatives 

Comparative  analysis  of  alternatives 
Recommendation  of  preferred  alternative 
Draft  environmental  statement 
Draft  forest  plan 

Selection  of  Alternative 
Public  i n  vo 1 vemen  t 

Recommendation  of  preferred  alternative 
Final  environmental  statement 
Final  fores  t  plan 

Plan  Implementation 

Monitoring  and  Evaluation 

Monitor  forest  plan 
’■Revise  and  amend  forest  plan 


* Activity  directly  associated  with  linear  programming. 


with 
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starred  activities  are  those  directly 
associated  with  the  linear  programming 
phase  of  plan  development. 

With  the  exception  of  "revise  and 
amend  forest  plan,"  the  LP-related 
activities  occur  in  the  middle  of  the 
planning  process  (see  table).  Consid¬ 
eration  of  the  types  of  activities  that 
come  at  the  beginning  and  end  of  this 
process  can  shed  light  on  the  role  of 
LP  . 

Activities  associated  with  the 
first  two  NFMA  actions  are  concerned 
with  laying  the  groundwork  for  the 
plan.  They  are  directed  toward  deter¬ 
mination  of  the  plan  composition  in 
that  they  identify,  among  other  things, 
issues  to  be  addressed,  demands  made 
on  the  forest,  and  management  concerns. 
Results  of  these  activities  are  major 
factors  in  the  determination  of  the 
basic  form  the  plan  will  take. 

The  activities  that  follow  the 
"Estimated  Effects  of  Alternatives"  deal 
with  selection,  approval  and  implemen¬ 
tation  of  the  preferred  plan.  This 
suggests  that  linear  programming- 
related  activities  bridge  the  gap 
between  determination  of  plan  design, 
and  selection  and  implementation  of  a 
preferred  plan.  In  order  to 
accomplish  this,  LP  fulfills  the 
following  functions: 


1 .  Information  Synthesis  :  A 

representative  model  of  any  system 

as  large  and  complex  as  a  national 
‘forest  must  be  capable  of  utilizing 
large  quantities  of  information  or  data 
For  example,  such  data  include 
commodity  production  rates  or  resource 
output  coefficients  for  different 
management  prescriptions.  Linear 
programming  synthesizes  the  data 
obtained  by  earlier  activities  in  the 
"Inventory  Data  and  Information 
Collection"  segment  of  the  planning 
process.  (Material  in  quotes 
indicate  separate  activities  discussed 
in  table  1.1.)  This  information  is 
utilized  along  with  the  results  of  the 
"Capability  and  Analysis  Area 
Delineation"  activities  in  formulation 
of  the  basic  model.  Feasible  manage¬ 
ment  activities  as  determined  by  the 
"Management  prescription  development" 
activity  and  "Resource  output 
coefficients"  as  determined  from  the 
"Resource  inventory"  and  "Suitability/ 


capability"  activities  are  incorporated. 
The  "LP  matrix  generation"  activity 
deals  both  with  coefficient  generation 
and  with  structuring  and  storing  the 
model  in  the  computer. 

2.  Allocation  of  Resources :  Once 

the  model  is  formulated,  it  may  be 

solved  using  one  of  the  computer 

software  packages  specifically 
designed  for  this  purpose.  (More  on 
this  later.)  The  solution  consists 
of  an  allocation  of  resources,  i.e., 
the  number  of  acres  managed  by  each 
management  prescription  and  the 
quantity  of  products  (timber,  forage, 
water,  sediment,  etc.)  produced. 

Because  of  this,  the  LP  model  is  often 
referred  to  as  an  "allocation  model." 
Linear  programming  models  may  also  be 
used  to  schedule  management  prescrip¬ 
tions  and  resource  outputs  over  time. 

The  solution  provides  the  basis  for  a 
plan,  although  the  plan  is  comprised  of 
more  than  just  this  solution  (see 
section  7)-  Correct  LP  model  formula¬ 
tion  ensures  that  the  solution  will 
be  consistent  with  the  ecological 
capabilities  of  the  land  base.  This 
is  done,  in  part,  by  incorporating 
ecological  limitations  in  the  model 
in  the  form  of  constraints. 

3.  Alternative  Plan  Analysis: 

Linear  programming  is  a  very  useful 

aid  in  formulating  and  quantifying 
the  outputs  from  each  alternative  plan 
considered,  including  the  so-called 
"no  action"  or  projection  of  the 
current  management  direction  alterna¬ 
tive.  Since  these  results  provide  the 
basis  for  both  the  analysis  of 
estimated  effects  and  evaluation  of 
tradeoffs  between  different  alterna¬ 
tives,  this  step  is  vital  to  the 
development  of  a  preferred  alterna¬ 
tive.  Each  time  the  model  is 
reformulated  or  modified  in  any  way  and 
solved  again,  an  alternative  plan  is 
generated.  Examples  of  how  this  is 
done  are  presented  in  subsequent  sec¬ 
tions  of  this  manual.  Operations 
researchers  refer  to  these  types  of 
activities  as  sensitivity  or  post¬ 
optimality  analysis.  In  the  same  way, 

LP  may  aid  in  revision  of  an  existing 
forest  plan  so  that  it  may  respond  to 
changing  conditions. 
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While  this  discussion  presents 
a  simplified  representation  of  the 
planning  process,  it  shows  how  an  LP 
model  can  be  utilized  to  help  formulate 
a  land  management  plan  based  on 
information  obtained  in  the  early 
phases  of  the  planninq  process.  Since 
LP  is  one  of  the  few  techniques  that 
can  be  used  to  organize  and  synthesize 
large  amounts  of  information  required 
to  develop  a  land  and  resource  manage¬ 
ment  plan,  it  has  proven  to  be  an 
effective  aid  in  past  efforts.  It  is 
important  to  remember  that  both  reli¬ 
able  data  and  correct  model  formula¬ 
tion  are  required. 


COMPUTER  PROGRAMS  FOR 
SOLVING  LP  PROBLEMS 

Mention  has  been  made  of  computer 
software  packages  that  can  solve 
linear  programming  problems.  A  number 
of  these  are  available  at  the  Fort 
Collins  Computer  Center.  These  may 
be  grouped  into  two  categories.  The 
first  consists  of  packages  that 
actually  solve  an  LP  problem  using  a 
modified  form  of  the  simplex  method 
(see  section  5  of  this  manual  for  a 
brief  introduction  to  the  simplex 
method).  Two  packages,  ILONA  and  FMPS 
(Functional  Mathematical  Programming 
System)  are  available  but  FMPS  is  used 
in  most  cases. 

The  second  category  is  comprised 
of  those  packages  that  utilize  user 
input  data  to  structure  the  LP  problem 
and  then  print  out  the  results  after 
the  problem  has  been  solved.  A 
simplified  diagram  of  the  steps 
involved  and  the  relationship  between 
them  and  the  solution  package  (in  this 
case  FMPS)  is  shown  in  figure  1.2. 
Forest  Service  packages  in  this 
second  category  include  -  RCS  (Resource 
Capability  System),  RAA  (Resource 
Allocation  Analysis)  and  FORPLAN 
(FORest  PLANning  model)  -  for  multiple 
use  land  management  planning.  Timber 
RAM  (Resource  Allocation  Method); 

Model  1  and  Model  2  (contained  in  the 
MUSYC  or  Multiple  Use  Sustained  Yield 
Calculation  package)  are  Forest  Service 
timber  harvest  scheduling  packages. 


Roading  RAM  is  an  extension  of  Timber 
RAM  that  uses  m i xed - i n t eg e r  program¬ 
ming  to  incorporate  road  construction 
directly  in  the  model.  MAGE  5  is  the 
matrix  generator  used  in  the  RCS  and 
RAA  packages.  Note  that  all  of 
these  packages  use  FMPS  to  solve  the 
LP  problem  under  consideration. 

The  remainder  of  this  manual  is 
devoted  to  an  elementary  detailed 
coverage  of  LP.  Additional  insight 
into  the  role  of  linear  programming 
in  the  planning  process  will  be 
gained  once  the  technique  is  understood. 


Data  Input 

Takes  raw  data  in  form 
understood  by  natural 
resource  managers. 

V 

Matrix  Generator 


Uses  raw  data,  yield  tables, 
and  other  models  to  generate 
coefficients  for  the  LP  model. 
Constructs  model  and  stores  in 
computer  in  format  that  can 
be  used  by  FMPS. 

V 

FMPS 


Computer  program  that  solves 
LP  problem,  using  input  data 
from  matrix  generator. 

V 

Report  W  r i ter 

Takes  FMPS  output  and  converts  it  into 
a  form  understandable  to  natural 
resource  managers 


Figure  1.1  Components  of  a  typical 
LP  package  (including 
the  FMPS  solution 
package)  . 
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This 


2:  Review  of  Elementary 
Graphics  and  Plotting 
(Coordinate  Systems) 


In  order  to  understand  even  a 
simple  linear  programming  ( L  P )  problem, 
certain  fundamental  concepts  about 
coordinate  systems  and  plotting  of 
equations  and  inequalities  must  be 
understood.  (This  section  of  the 
manual  may  be  either  skimmed  or 
skipped  if  you  are  comfortable  with 
this  material.  Most  readers  will 
probably  find  that  they  have  been 
exposed  to  many  of  these  concepts, 
but  will  find  a  review  helpful.) 


COORDINATE  SYSTEMS-AN 
EXPLANATION 

You  are  probably  familiar  with  the 
concept  of  an  x-y  coordinate  system. 
Such  a  system  is  used  to  assign  an 
address,  in  the  form  of  an  x  or  a  y 
coordinate  value,  to  each  point  in  a 
plane  containing  both  an  x  and  y 
axis.  (Coordinate  system  is  shown  in 
figure  2.1.) 

Since  it  does  not  matter  what  the 
axes  are  named,  we  will  change  the 
name  of  the  x  axis  to  the  Xj  axis  and 


the  y  axis  to  the  x^  axis. 

change  is  made  to  conform  with  standard 
linear  programming  notation  (intro¬ 
duced  later  on).  Each  point  on  the 
plane  defined  by  this  coordinate 
system  may  be  located  or  described  by 
assigning  values  Xj  and  x^  •  The  two 

axes  divide  the  plane  into  four 
sections  or  quadrants.  Each  quadrant 
is  characterized  by  the  sign  (negative 
or  positive)  of  the  values  of  x^  and  x^ 

that  corresponds  to  points  in  that 
quadrant.  These  signs  may  be 
determined  by  examining  the  signs  of 
the  values  of  x^  and  x^  found  on  the 

portions  of  the  axes  bordering  the 
quadrant  . 


Fourth  Quadrant  6 

5 

4 

3 

2 

I 

H — I — I — I — I — I- 

-6  -5  -4  -3  -2  -I 
-I 

Third  Quadrant  _2 

-3 

-4 

-5 

-6 


First  Quadrant 


Origin  (x .  -0  ,  x^-0) 

H — I — I — I — I — h 

2  3  4  5  6 

Second  Quadrant 


Figure  2.1 


An  X|>X2  coordinate 
system. 
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For  example,  the  first  quadrant 
is  bordered  by  the  portion  of  the  x^ 

axis  that  has  positive  values  for  Xj 


and  by  the  portion  of  the  x axis 

that  has  positive  value  for  x^.  Thus 

all  points  in  the  first  quadrant  are 
characterized  by  the  fact  that  they 
correspond  to  positive  values  for  both 
x  |  and  x2 .  The  values  of  x^  and  x2 

assigned  to  any  point  are  called  the 
coordinates  of  that  point. 

Points  in  the  remaining  three 
quadrants  may  be  characterized  in  the 
same  manner: 


Sign  of 

Sign  of 

Quadrant 

Coord i na  te  x 

Coordinate  x 

1 

+ 

+ 

2 

+ 

- 

3 

- 

- 

U 

- 

+ 

PLOTTING  SINGLE  POINTS 
CORRESPONDING  TO  CONSTANT  VALUES 

The  point  where  the  Xj  and  x2  axes 

intersect  is  cal  led  the  origin  and 
has  coordinate  values  of  x^  =0  and 

x2  =  0.  To  find  coordinates  for  any 

other  point,  draw  a  vertical  line  from 
the  point  to  the  x^  axis  and  read  off 

the  value  of  x^  at  the  point  where  the 

two  lines  intersect.  Draw  a  horizontal 
line  from  the  point  to  the  x2  axis  and 

read  off  the  value  of  x2  at  the  point 

where  the  two  lines  intersect. 

Examples  of  this  procedure  are 
displayed  in  figure  2.2. 


PLOTTING  POINTS  CORRESPONDING  TO 
CONSTANT  VALUES  FOR  x]  OR  x2 


coordinate  equal  to  4?  Before  con¬ 
sidering  an  answer  to  this  question, 
we  will  simplify  matters  by  restricting 
our  consideration  to  the  first  quadrant 
only. 

The  reason  for  this  follows: 

In  an  LP  context,  x^  and  x2  are 

called  activity  variables  or 
decision  variables  (more  on  this 
later).  In  any  given  linear 
programming  problem,  these 
variables  have  some  physical 
interpretation  such  as  the 
amount  of  some  commodity  or  the 
number  of  acres  on  which  parti¬ 
cular  management  strategies  are 


Until  now  we  have  talked  only 
about  locating  single  points  on  a 
coordinate  system.  Let's  consider 
the  location  of  several  points  at  the 
same  time.  As  an  example,  how  would 
we  locate  all  points  which  have  an  x^ 


Figure  2.2  Example  of  locating 

coordinates  for  four  points 
on  an  Xj,x2  coordinate  system. 
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applied.  For  example,  we 
might  define  them  in  this 
way  - 

Xj  =  the  number  of  acres 

on  which  spraying  and 
seeding  of  rangeland 
i  s  conducted  ,  and 
x^  =  the  number  of  acres 
on  which  t i mber  i  s 
harvested. 

Clearly,  it  makes  no  sense 
to  talk  about  a  negative 
number  of  acres  or  a 
negative  amount  of  some 
commodity.  Since  this  will 
be  the  case  for  all  activity 
variables  associated  with  a 
land  use  planning  linear 
program,  we  can  ignore  all 
quadrants  except  the  first. 
In  other  words,  we  will 
never  need  to  consider 
negative  values  of  x^  and 


Now  we  will  return  to  the  question  of 
how  we  might  plot  a  coordinate  system 
where  the  points  have  an  x^  coordinate 

of  b.  Since  we  are  only  interested 
in  the  first  quadrant  let's  add  the 
restriction  that  x^  must  be  positive. 

A  plot  of  the  line  representing  all 
points  that  satisfy  these  restrictions 
is  displayed  in  figure  2.3-  Note  that 
it  consists  of  a  vertical  line  inter¬ 
secting  the  Xj  axis  at  the  point  x^  =  A 

This  general  idea  would  hold  for 
the  plot  of  the  set  of  points  satisfy¬ 
ing  the  requirements  that  x^  =  c, 

where  c  is  any  positive  constant,  and 
x^  is  positive.  That  is,  the  plot 

would  be  represented  by  a  vertical  line 
starting  on  the  x^  axis  at  the  point 


Let's  now  consider  plotting  all  the 
points  that  satisfy  the  requirements 
that  x^  =  d  ,  a  positive  constant,  and 

X|  is  positive.  By  the  way  of 

specific  example,  consider  the  points 
satisfying  x^  =  6  and  x^  is  positive. 

This  plot  is  shown  in  figure  2. A  (next 
page).  Note  that  it  consists  of  a 
horizontal  line  intersecting  the  x^ 
axis  at  the  point  x^  =  6.  For  the 

arbitrary  constant  d,  the  corresponding 
plot  would  be  a  horizontal  line 
intercepting  the  x^  axis  at  the  point 

x2  =  d  . 

Example  2.1  Plot  the  points 
satisfying  the  following  set 
of  requirements: 


*2 
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^^-The  line  X|=4, x2  is  positive. 
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123456789  10  x, 

Figure  2.3  Plot  of  a  portion  of  the 
1 ine  segment  representing 
the  points  that  satisfy  the 
requirements  that  x^  =  A 

and  x2 


is  positive 


(1) 

X1 

=  7, 

X  2 

positive 

(2) 

X1 

=  5 

1  /  2 

,  x^  pos  i 

(3) 

X  2 

=  2, 

X1 

positive 

(A) 

X2 

=  9, 

X1 

pos i t i ve 

The  plots  of  these  requirements 
are  presented  in  figure  2.5. 


relationship  is  called  an  equatity . 
Suppose  that  we  wish  to  generalize 
this  idea  to  consider  cases  where 

and/or  x^  are  not  restricted  to  being 

equal  to  some  constant. 

For  example,  consider  x^  and  an 

arbitrary  constant  c.  Two  cases  are 
possible  - 


INEQUALITIES:  x,  AND/OR  x2  ARE  NOT 
CONSTANT  VALUES 


1) 

X1 

is  less  than  or 

equal  to  c , 

2) 

X1 

is  greater  than 

or  equal 

t  o 

c 

The  material  previously  discussed 
deals  with  the  plotting  of  relation¬ 
ships  that  specify  that  x^  or  x 2  are 

equal  to  some  constant.  Such  a 
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Figure  2.U  Plot  of  a  portion  of  the 
line  segment  representing 
the  points  that  satisfy 
the  requirement  that 
x^  =  6  and  x^  is  positive. 
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Plots  of  the 
specified  in 


requi  rements 
example  2.1. 
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This  type  of  relationship  is  known  as 
an  inequality  and  it  can  be  expressed 
mathematically  with  the  aid  of 
inequality  symbols.  These  symbols  are 
-written  as  <  and  >_. 

For  the  two  cases  listed  above: 

(1)  x  |  <_  c  (x^  is  less  than  or 

equal  to  c ) 

(2)  x  ^  >_  c,  (x]  is  greater  than 

or  equal  to  c) 

Case  1  can  be  also  stated  in  the 
form  c  is  greater  than  or  equal  to 
Xj,  and  case  2  can  also  be  stated  in 

the  form  c  is  less  than  or  equal  to 
x  ]  . 

The  previous  discussion  pertains 
to  the  case  which  permits  the  two 
quantities  x^  and  c  to  be  equal.  The 

symbols  >  and  <  are  used  to  express 
relationships  where  the  quantities 
Xj  and  c  can  never  equal  each  other. 

For  example,  the  expression  x^  <  c 

means  that  x^  is  always  less  than  c. 

Such  relationships  are  called  strict 
inequalities . 


PLOTTING  INEQUALITY  RELATIONSHIPS 
I NVOLV I NG  A  SI  NGLE  VAR  I  ABLE 


We  have  defined  inequalities  of 
the  following  forms: 

1  )  x]  <  c 

2)  x]  >  c 
3  )  x2  1  d 

A)  x2  >_  d  where  c  and  d  are 
arbitrary  constants. 

Let's  consider  how  we  might  plot 
the  set  of  points  that  satisfy  these 
relationships.  To  see  how  this  is 


done,  we  will  first  consider  a 
specific  example  with  c  =  A  and  d  =  6 
That  is,  we  are  interested  in  the 
inequalities  x  ^  <_  A  ,  Xj  >_  A ,  x2  <_  6  , 

and  x2  >_  6  .  As  a  first  step  consider 

plotting  the  equalities  x^  =  A  and 

x2  =  6  as  we  did  in  the  above. 

The  line  corresponding  to  x^  =  A 

is  plotted  in  figure  2.6  Note  that 
as  before  we  are  only  interested  in 
non-negative  values  of  x^  and  x2  so 

that  only  the  first  quadrant  has  been 
plotted.  Also  note  that,  as  indicated 
in  the  figure,  all  points  in  the  first 
quadrant  that  satisfy  the  strict 
inequality  x^  <  A  lie  to  the  left  of 

the  line  x  ^  =  A.  Also,  all  points  in 

the  first  quadrant  that  satisfy  the 
strict  inequality  x^  >  A  1 i e  to  the 

right  of  the  line  x^  =  A. 
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Figure  2.6  A  plot  of  the  relationship 
Xj  =  A  showing  the  location 

of  points  where  x  ^ 

x  1  >  A  . 
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<  A  and 


We  can  plot  the  relationship 
=  6  in  similar  fashion  (figure  2.7). 

Note  that  in  this  case,  the  points  in 
the  first  quadrant  below  the  line 
x2  =  6  satisfy  the  strict  inequality 

x2  <  6  and  those  points  in  the  first 

quadrant  above  the  line  =  6 

satisfy  the  strict  inequality  x^  >  6. 

The  examples  developed  thus  far  can 
be  used  to  compare  the  plotting  of 
equalities  or  equations  with  the 
plotting  of  inequalities. 


Figure  2.7  A  plot  of  the  relationship 
x2  =  6  showing  the  location 

of  points  where  x2  <  6  and 

x2  >  6  . 


The  points  that  satisfy  any 
inequality  can  be  broken  down  into  two 
categories  - 

1)  Those  that  satisfy  the  equality 
portion,  i.e.,  x  ^  =  A  or 

x2  =  6 

2)  Those  that  satisfy  the  strict 
inequality,  i.e.,  Xj  <  4, 

x,  >  x2  <  6,  x2  >  6. 

Plotting  the  points  in  the  first 
category  is  equivalent  to  plotting 
linear  equations  in  that  (assuming  the 
inequality  is  linear)  a  line  will 
r  e  s  u  1  t  . 

The  points  that  fall  in  the  second 
category  will  consist  of  all  the  points 
below  or  to  the  left  of  the  equality 
line  if  the  strict  inequality  is  <  . 

On  the  other  hand,  if  the  strict 
inequality  is  >  ,  then  the  points  will 
be  above  or  to  the  right  of  the 
equality  line. 

When  the  points  satisfying  an 
inequality  are  plotted,  they  consist 
of  all  the  points  satisfying  the  strict 
inequality  and  the  points  on  the  line 
that  satisfy  the  equality. 

Example  2.2  We  have  indicated 
that  considering  only  the  points 
in  the  first  quadrant  is 
equivalent  to  considering  only 
non-negative  values  for  x^  and 

x2  .  In  inequality  notation 

the  non - n eg  a t i v i t y  restrictions 
can  be  expressed  as  Xj  >_  0  and 

x2  —  O’  The  points  satisfying 

the  equality  portions  of  these 
constraints  are  those  lying 
in  the  positive  portions  of  the 
Xj  and  x2  axes.  The  points 

satisfying  the  strict  inequality 

portions  are  those  lying  in  the 
first  quadrant  itself. 
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x 2  >6 


x2<6 


All  points  above  the  line 
satisfy  the  relationship 


x2  >6. 


( 


All  points  below  the  line 
satisfy  the  relationship 
x2  <6. 


1 - 1 - 1 - 1 - 1 - h 
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Example  2.3  Plot  the  set  of 
points  satisfying  the  following 
set  of  i nequa  1  i  t  i  es  : 

x|  0  and  x,  <_  A 

x2  anc*  x2  <  ^ 

This  set  of  points  must 
satisfy  all  four  inequalities 
simultaneously.  It  is  shown 
in  figure  2.8  as  the  shaded 
area. 

It  is  particularly  important  in  under¬ 
standing  linear  programming  that 
you  understand  the  way  in  which  sets 
of  points  satisfying  inequalities  are 
plotted.  If  you  are  having  problems, 
study  the  examples  and  work  the  fol low¬ 
ing  exercise: 


x2 


Figure  2.8 


The  set  of  points 
satisfying  x^  ^  0, 


>  0, 
<  6  . 


<  A  and 


Exercise 

2.1: 

P  lot 

the 

sets 

sat 

i s  f y i ng 

the 

fol low- 

i  ng 

sets 

of  i n  eq  u  a  1  i 

ties: 

1) 

X1 

>_  2 

x  2  ^ 

A 

X1 

<  8 

x  2  — 

7 

2) 

X1 

1  5 

X  2  > 

6 

X1 

LPS 

v  I 

v  | 

CM 

X 
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LINEAR  RELATIONSHIPS  INVOLVING 

BOTH  x1 

AND  x2 

Until  now  we  have  considered 
relationships  involving  only  x^  or  x^- 

The  next  two  subsections  cover  linear 
r e 1  a t  i  on s h i p s  involving  both  x^  and  x^* 

This  subsection  considers  equations  of 
the  form  ax  j  +  bx2  =  c  ,  while  the 

following  section  considers  inequalities 
of  the  form  ax^  +  bx2  c  or  of  the 

form  axj  +  bx^  c,  where  a,  b  and  c 

are  specified  constants. 


PLOTTING  EQUATIONS  INVOLVING 
BOTH  x 1  AND  x2 


A  relationship  between  x^  and  x^ 

of  the  form  aX|  +  bx2  =  c  is  linear; 

a  plot  of  the  set  of  all  points 
satisfying  the  relationship  will  con¬ 
sist  of  a  straight  line.  You  have 
probably  already  worked  with  the  algebra 
of  such  linear  equations.  If  so,  per¬ 
haps  you  recall  that  once  two  points  on 
any  line  are  plotted,  then  the  entire 
line  can  be  plotted.  To  see  how  this 
works,  consider  the  following 
relationship: 


3x]  +  2x2  =  18. 


There  are  several  methods  which  we  may 
use  to  plot  the  above  line. 

One  of  the  easiest  is  to  determine 
the  location  of  the  intercepts 3  or 
points  where  the  line  would  intersect 
the  Xj  and  x2  axes  if  plotted.  These 


points  are  easy  to 
recogn i zes  tha  t  x2 


determine  if  one 
=  0  where  the  line 


crosses  the  axis  and  Xj  =  0  where 

the  line  crosses  the  x2  axis. 

The  intercepts  can  be  located  as 
f o 1  lows: 

1)  To  find  where  the  line 
crosses  the  Xj  axis  (Xj 

intercept),  substitute 


X1  = 

=  0 

into 

the  equation 

and 

so  1 

ve  f  o 

r  Xj  . 

For 

ou  r 

example: 

3x, 

+ 

2(0) 

=  18 

3X1 

=  18 

X1 

=  6 

and 

the 

X1  ’ 

ntercept 

i  s 

X1  = 

■  6, 

X2 

0  . 

2)  To  find  where  the  line 
crosses  the  x2  axis  (x^ 

intercept),  substitute 
x |  =  0  into  the  equation 

and  solve  for  x^.  In 

our  example  - 

3(0)  +  2x2  =  1  8 
2x2  =  18 
x2  =  9 

and  the  x2  intercept  is  - 
x ]  =  0 ,  x2  =  9 . 

Once  this  calculation  is  carried  out, 
the  line  represented  by  the  equation 
(set  of  points  satisfying  the  above 
r e 1  a t i o n s h i p )  can  be  plotted  simply 
by  locating  these  points  and  connect¬ 
ing  them  with  a  straight  line  (figure 
2.9).  Note  that,  as  before,  we  are 
only  interested  in  values  in  the  first 
quadrant . 


You  may  recall  seeing  the  equation 
for  a  line  expressed  in  the  form 
x2  =  mx j  +  b  where  m  is  the  slope  and 

b  is  the  x2  intercept.  Relationships 

in  the  form  ax |  +  bx2  =  c  can  be 

expressed  in  the  form  x2  =  mXj  +  b  by 


solving  for  one  of  the  variables  in 
terms  of  the  other.  For  example, 
solving  for  x2  in  terms  of  Xj  in  the 

equation  3xj  +  2x2  =  18  yields 

x2  =  (~3/2)xj  +  9-  The  slope  for  this 

example  is  - 

m  =  -3/2  and  the  x2  intercept  is 
b  =  9  as  shown  in  figure  2.9. 

Example  2.4:  Plot  the  lines 
for  the  equations  - 

1  )  x  |  +  6x2  =  9 

2)  2Xj  +  x2  =  6 

1)  For  the  first  line,  the 
Xj  intercept  is  - 

Xj  +  6(0)  =  9 

X,  =  9 

the  x2  intercept  i s  - 

1  (0)  =  6x2  =  9 

x2  =  3/2 
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_ 

Figure  2.9  A  plot  of  the  line 

representing  the  equation 

3Xj  +  2x2  =  18. 


2)  For  the  second  ] ine,  the 
Xj  intercept  i s  - 

2  x  1  +  1(0)  =6 


the  x^  intercept  is  - 
2(0)  +  1  ( x  2 )  =  6 


These  equations  are  plotted  in  figure 
2.10. 
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Figure  2.10  A  plot  of  the  equations 
from  example  2  ..  b  . 


PLOTTING  INEQUALITIES  INVOLVING 
BOTH  x  1  AND  x£ 


The  procedure  for  plotting  points 
that  satisfy  inequalities  of  the  forms 
ax  j  +  bx^  <_  c  and  ax^  +  bx2  >_  c  i  s 

basically  the  same  as  the  one  described 
in  the  subsection  that  was  used  to  plot 
inequalities  involving  only  x^  or  x2 

(p.  12).  That  is,  we  plot  the  line 

which  represents  the  equation  aX|  +  bx^ 

=  c.  If  the  inequality  is  of  the  <_ 
form,  all  points  below  the  line  in  the 
first  quadrant  also  satisfy  the 
inequality.  If  it  is  of  the  >_  form, 
then  all  points  above  the  line  in  the 
first  quadrant  also  satisfy  the 
i  n  e  q  u  a  1  i  t  y  . 

To.  see  this,  consider  the  example 
plotted  in  figure  2.9  of  the  previous 
subsection.  In  this  example  (shown  in 
figure  2.11),  all  points  in  area  A  are 
going  to  yield  values  less  than  18 
when  substituted  into  the  equation. 

That  is,  all  points  in  A  satisfy 
3Xj  +  2x2  <  18.  Consider  the  point  P| 

denoted  in  the  figure  (x^  =  3  ,  x2  =  2). 

Substitution  of  these  values  into  the 
equation  yields  - 

3(3)  +  2(2)  =  13. 

Since  13  is  less  than  18,  we  have  shown 
that  the  point  (Xj  =  3 ,  x2  =  2) 

satisfies  the  strict  inequality 

3X|  +  2x2  <  18.  In  the  same  manner,  it 

can  be  demonstrated  that  all  points  in 
area  B  (above  the  line)  satisfy  the 
inequality  3x1  +  2x2  >  18.  As  an 

example,  consider  the  point  P2, 

(xj  =  h ,  x2  =  6)  denoted  in  the  figure. 


Substitution  of  these  values  into  the 
equation  yields- 

3(4)  +  2(6)  =  24 

Since  24  is  greater  than  18,  the  point 
satisfies  the  strict  inequality 
3  x 1  +  2x2  >  18. 

Using  the  above  procedure  you 
should  satisfy  yourself  that  all 
points  in  area  A  satisfy  the  inequality 
3x^  +  2x^  <  18  and  that  all  points  in 

area  B  satisfy  3x^  +  2x2  >  18.  Also 

all  points  on  the  line  3x^  +  2x^  =  18 

satisfy  the  equation. 


Figure  2.11  A  plot  of  a  linear 

equation  showing  its 
relation  to  points  that 
yield  smaller  and  larger 
values. 


Example  2.5:  Plot  the  set  of 
points  that  satisfies  both  of 
the  following  inequalities: 

2x  |  +  x 2  6 

x 1  +&X2  £  9 

To  do  this  note  that  since 
both  inequalities  are  of  the 
less  than  or  equal  to  form, 
as  points  satisfying  the 
first  inequality  will  be 
below  the  line  2x^  +  x2  =  6 

and  all  points  satisfying 
the  second  inequality  will 
be  below  the  line  x^  +  6x2 

=  9  (see  figure  2.12).  That 
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A  plot  of  the  points 
satisfying  the 
inequalities  in  example 

2.5. 


Figure  2.12 


is,  the  set  of  points 
satisfying  the  first 
inequality  is  located 
in  areas  A  and  B 
(including  boundaries) 
in  figure  2.12  and  the 
set  of  points  satisfying 
the  second  inequality 
is  located  in  areas  B 
and  C  (including 
boundaries)  in  the  same 
figure.  Hence,  the  set 
of  points  that  satisfies 
both  inequalities  must 
be  in  the  area  denoted 
by  B  (including 
boundaries) . 


3:  Introduction  to 

Linear  Programming 


This  section  provides  an  intro¬ 
duction  to  linear  programming  (LP)  at 
an  elementary  level.  The  basic  con¬ 
cepts  and  terminology  are  presented 
with  the  aid  of  an  extended  example. 
Comments  on  notations  and  additional 
applications  of  LP  are  also  mentioned. 


STOCKING  A  RANCH  EXAMPLE  ' 

Suppose  that  a  ranch  has  the 
equivalent  of  100  animal  units 
per  year  (AU)  of  forage  avail¬ 
able  for  livestock.  The  rancher 
has  traditionally  been  a  cattle¬ 
man,  but  his  new  wife  has  a  love 
for  sheep.  The  husband  agrees 
to  have  at  least  100  head  of 
sheep  if  he  can  have  at  least 


Max  R.  Keetch,  Li-near  Programming 
Forestry  Resource  Planning  Systems 3  November 
20,  1977.  Available  at  the  Systems 
Applications  Unit  for  Land  Management  Planning 
(SAU-LMP) ,  USDA  Forest  Service,  3825  E. 
Mulberry,  Fort  Collins,  CO  8052A. 
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50  head  of  cattle.  However, 
his  ranch  hands  threaten  to 
quit  if  he  gets  more  than 
200  sheep  on  the  ranch. 

The  problem 

How  many  cattle  and  sheep 
should  the  rancher  stock 
so  that  he  will  maximize 
profit  subject  to  the 
restrictions  given  above? 

Cons traints : 

Additional  information 

One  head  of  cattle  consumes 
one  AU  of  forage  per  year. 

Five  head  of  sheep  consume 
1  AU  of  forage  per  year. 

Each  cow  yields  a  profit 
of  $60.00  upon  sale.  Each 
sheep  yields  a  profit  of 
$10.00  upon  sale. 

We  will  formulate  this  stocking 
problem  as  an  LP  problem.  From  the 
above  description  it  is  clear  that  the 
two  variables  in  the  problem  are  the 
number  of  cattle  and  the  number  of 
sheep  - 

X|  =  the  number  of  cattle 

x^  =  the  number  of  sheep 

The  problem  is  then  to  determine 
values  for  x^  and  x^  such  that  the 

rancher's  profit  is  maximized. 

Let's  develop  an  equation  which 
tells  us  how  much  profit  the  ranch 
will  make  for  any  values  of  x^  and  x^. 

Using  the  profit  information  given 
above,  we  can  write  - 

Profit  ($)  =  60Xj  +  1 0x^ 

You  should  verify  this  relationship 
by  checking  the  units  of  the  quantities 
on  the  right  hand  side  of  the  equation. 


We  have  said  that  we  desire  to 
maximize  profit  which  means  that  we 
would  like  to  make  the  quantity  60xj 

+  1  Ox^  as  large  as  possible.  The 

larger  x ^  and  x2  are  (the  more  cattle 

and  sheep  that  are  sold),  the  larger 


the  rancher's  profit  will  be.  Such  an 
approach  is  unrealistic  if  it  ignores 
any  "limits"  or  "constraints"  that  the 
capacity  of  the  ranch  places  on  pro¬ 
duction  of  cattle  and  sheep.  In  this 
example  the  only  limits  specified  are 
those  arising  from  the  capacity  of  the 
ranch  for  forage  production  and  the 
requirements  of  the  rancher,  his  wife 
and  his  hired  hands. 


C0NSTRA  I  NTS  , 

EXPRESSED  MATHEMATICALLY 


Now  we  will  consider  how  we  might 
express  these  limits  or  constraints 
in  mathematical  form. 

Carrying  capacity  constraint :  There 
are  a  total  of  100  AU ' s  of  forage  avail¬ 
able,  which  means  that  the  livestock 
can  consume  no  more  than  this.  From 
the  above  information  we  see  that  - 

/ _ 1  AU _ \  /  x 

yhead  of  cattle/  Xr 

_ AU,  \  (x  )  = 

head  of  sheep/  l 

the  number  of  AU ' s  of  forage 

consumed 

Since  we  want  to  be  sure  that  this  does 
not  exceed  100  AU  '  s  ,  we  write  - 

1  x 1  +  ( 1  / 5 ) x 2  <  100 

This  inequality  expresses  the  carrying 
capacity  constraint  mathematically. 
(Review  Section  2  if  you  are  not 
familiar  with  the  concept  of  "in¬ 
equal  ities.") 

Wife's  sheep  requirement:  Since 
the  wife  desires  at  least  100  sheep, 
this  means  that  - 

x 2  >  100 

Rancher's  cattle  requirement:  Since 
the  rancher  desires  at  least  50  cattle, 
th i s  means  that  - 

x,  >  50 
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Ranch  hands’  sheep  limitation: 

Since  the  hands  will  not  tolerate  more 
than  200  sheep,  this  means  that- 

x  ^  1  200 

Logical  or  non-negativity  con¬ 
straints:  Since  a  negative  number  of 

cattle  or  sheep  makes  no  sense,  we  have 
the  following  n o n - n eg  a t  i  v  i  t y  restric¬ 
tions  on  Xj  and  x^  ' 

x  |  >.  0 ,  x2  >  0  . 


Exercise  3.1:  In  general,  for 

any  LP  problem,  the  above  logical 
restrictions  hold.  In  this 
example,  however,  they  are 
redundant  or  not  necessary. 

Why? 

Now  let's  write  down  the  complete 
ranch  stocking  problem  in  LP  format. 
We  want  to  maximize  profit  (60xj  + 

10x2)  subject  to  the  following 

constraints: 


Carrying  capacity  x^ 

+  1/5x2  < 

100 

Wife's  sheep 

X  2  ^ 

1  00 

Rancher's  cattle  x  ^ 

> 

50 

Ranch  hands'  s  heep 

X  2  - 

200 

Non -negativity 

X 

1  v 

o 

x2  >  0 

A  solution  of  this  problem  would  con¬ 
sist  of  the  determination  of  values  of 
x,  and  x .  (the  numbers  of  cattle 

and  sheep)  that  will  satisfy  all  of  the 
constraints  and  that  will  maximize 
profit.  That  is 3  we  want  to  determine 
values  for  x^  and  x ^  yielding  a 

profit  equal  to  or  greater  than  the 
profit  value  arising  from  the  selection 
of  any  other  values  for  x and  x 

that  satisfy  all  the  constraints .  This 
solution  is  referred  to  as  the  optimal 
solution  to  the  problem  because  our 
criterion  for  optimality  is  the 
maximization  of  the  rancher's  profit. 


GENERAL  REMARKS  ABOUT  LINEAR 
PROGRAMMING 

Linear  programming  was  first  used 
during  World  War  II,  and  since  then  it 
has  been  applied  to  a  wide  variety  of 
problems.  One  of  the  most  common 
definitions  of  LP  is  that  it  allocates 
scarce  or  limited  resources  among 
competing  activities  in  an  optimal 
manner.  This  definition  characterizes 
the  nature  of  problems  to  which  the 
technique  has  been  applied. 

Exercise  3.2:  For  the  "stocking 

a  ranch"  example  identify  the- 

1)  scarce  resources 

2)  competing  activities 

3)  criterion  of  optimality 

Application  areas  of  LP  have 
included  production  scheduling,  air¬ 
plane  fuel  allocation,  stock  portfolio 
selection,  shipping  patterns  and  ware¬ 
house  storage  patterns.  In  forestry, 
the  technique  has  been  applied  to 
problems  of  timber  harvest  scheduling, 
sawmill  operation,  wood  procurement, 
inventory  planning  and  land  use 
planning. 


Notation  for  Variables 

A  remark  on  the  notation  (x^ 

and  x^)  for  the  variables 

denoting  numbers  of  cattle  and 
sheep  is  in  order.  You  might 
feel  more  comfortable  with  some¬ 
thing  like: 

c  =  number  of  cattle 
s  =  number  of  sheep 

because  it  is  easier  to  associate 
these  variable  names  with  cattle 
and  sheep.  If  you  choose  to  do 
this,  there  is  no  theoretical 
problem;  the  variables  may  be 
denoted  by  any  name  you  choose. 
The  Xj,  x2  notation  is  used  in 

this  manual  not  only  because  this 
is  the  standard  LP  notation  but 
also  because  "real  world"  LP 
problems  often  involve  hundreds 
or  thousands  of  variables.  A 
systematic  naming  system  is 
required  in  order  to  keep  track 
of  the  variables. 
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4:  The  General  Linear 
Programming  Model 

In  this  section  we  will  formulate 
the  general  linear  programming  (LP) 
model.  Components  of  this  model  will 
be  discussed  and  additional  LP  termi¬ 
nology  introduced.  When  appropriate, 
the  "Stacking  a  Ranch"  example 
developed  in  the  previous  section  will 
be  used. 

THE  GENERAL  LINEAR 

PROGRAMMING  MODEL 

To  describe  the  general  model  we 
will  use  standard  LP  notation. 


THE  RANCH  MODEL 


The  LP  model  for  the  ranch  problem 
is  a  special  case  of  the  general  linear 
programming  model  in  that  they  both 
contain  all  of  the  same  components. 
Components  of  the  ranch  model  are 
reiterated  here  (figure  4.1)  to  provide 
analogy  and  clarification  to  the  dis¬ 
cussion  about  the  General  Linear 
Programming  Model  which  follows. 


The  Ranch  Model  shows: 


Maximize  Profit  (Z)  = 

60x 

1  +  l0x2 

(Objective  Function) 

Subject  to  Xj  +  l/5x2 

< 

1  00 

x  0 

> 

1  00 

2 

— 

X1 

> 

50 

The  following 

Operat ional 

Constraints  x„ 

< 

200 

2 

X1 

> 

0 ,  x0  >  0 

2  — 

Figure  4.1  Components  of  the  Stocking 
a  Ranch  Model. 


The  general  model  contains  n 
activity  or  decision  variables  and  m 
operational  constraints  (not  including 
non- nega t i v i ty  constraints).  If  we 
denote  the  decision  variables  by-- 


Xj,  x2 ,  ...,  xn 

then  it  is  desired  to  find  values  for 
these  variables  that  will  maximize 


Z  = 


clxl 


+  c2x2  + 


+  C  X  . 

n  n 


This  set  of  values  must  satisfy  both 
the  m  operational  constraints: 


allxl  +  a 1 2*2  +  ’ • '  +  a  ln*n  -  b] 
a2 1 X 1  :  a22x2  +  •••  +  a2nxn  ±  b2 


a  .  x , 
m  1  1 


+  am2X2  + 


+  a  *  x  <  b 
mn  n  —  m 


and  the  n  n o n - n e g a t i v i t y  constraints 


>_  0  ,  x2  >_  0, 


n  — 


The  notation  used  for  the  general  model 
is  as  follows. 


The 


(J  = 


2, 


n) 


are 


c  .  s 
J 

the  coefficients  of  the  decision  vari¬ 
ables  (Xj)  in  the  objective  function 

(e.g.,  3x2).  The  index  j  is  the 

counting  index  or  index  of  summation 
for  the  decision  variables  (j  =  1 
means  x  j  ,  etc.). 

The  b  .  '  s  (1  =  1,2,...,  m)  are 

the  right  hand  side  values  (RHS)  of  the 
constraints.  The  index  i  is  the 
counting  index  for  the  constraints 
(i  =  1  means  the  first  constraint, 
etc.)  . 

Finally,  the  a..'s  are  the  coef- 

i  j 

ficients  of  the  decision  variables  on 
the  left  hand  side  (LHS)  of  the  con¬ 
straints  (a..  is  the  coefficient  of 
'  J 

>  2  ,  .  .  .  , 


in  constraint 
m ;  j  =  1  ,  2 ,  .  .  .  , 


x  . 
J 


n ) 


It  should  be  noted  that  an 
important,  often  violated  assumption 
of  LP  is  that  all  of  the  coefficients 
in  the  model  are  known  constants.  This 
assumption  will  be  discussed  in  more 
detail  in  Section  7  • 

A  remark  about  the  type  of  inequali¬ 
ties  or  operational  constraints  in  the 
general  model  is  in  order.  You  will 
note  that  in  the  general  model  all  of 
the  operational  constraint  inequalities 
are  of  the  less  than  or  equal  to  (<_) 
form  while  the  ranch  problem  model  has 
two  operational  constraints  of  the 
greater  than  or  equal  to  (>_)  form.  The 
general  model  is  given  in  what  is  known 
as  standard  and  canonical  form  whereas 
the  ranch  model  is  not  in  this  form 
because  of  the  >_  constraints.  Such 
deviations  from  standard  form  are  com¬ 
mon  and,  as  will  be  seen  later,  they  do 
not  have  a  significant  effect  on  problem 
solution. 

Other  frequently  encountered 
situations  are  objective  functions  that 
are  minimized  and  constraints  in  the 
form  of  equalities  (=). 

Now  let's  discuss  each  of  the  com¬ 
ponents  of  the  LP  model. 


In  the  general  model _,  the  coef¬ 
ficients  c  |  ,  c^,  .  .  .  ,  cn  measure  the 

contribution  per  unit  of  each  decision 
variable  to  the  optimality  criterion. 

For  example,  in  the  ranch  problem 
Cj  =  $  6  0  and  c ^  =  $10  represent  the 

profit  per  head  of  cattle  and  sheep 
respectively. 

We  have  expressed  the  objective 
function  in  terms  of  all  of  the 
decision  variables  in  the  general 
model  ,  but  in  many  problems  some  of 
these  variables  may  not  appear  in  this 
function  (see  the  discussion  of  goal 
programming  in  section  7).  This  is 
analogous  to  stating  that  some  of  the 
c  .  1  s  may  be  zero. 


While  profit  maximization  is  one  of 
the  most  frequently  used  criteria  of 
optimality,  it  is  not  the  only  one 
encountered.  For  example,  objective 
functions  for  land  use  planning 
problems  are  often  stated  in  terms  of 
cost  minimization,  maximization  of 
present  net  return  or  maximization  of 
the  production  of  some  product  such  as 
water,  forage,  or  timber. 


OBJECTIVE  FUNCTION  - 

QUANT  I F I  ES  THE  CRITERION  OF 

OPT  I  MAL I TY 


(Z )  =  60x |  +  IOX2  or 

(Z)  =  c,x,  +  c0x0  +  ...  +  c  x 

11  2  2  n  n 

This  function  is  sometimes  called 
the  criterion  function  and  the  asso¬ 
ciated  variable  Z,  the  criterion 
variable.  This  function  serves  to 
quantify  the  criterion  of  optimality 
for  a  given  problem.  It  does  this  by 
assigning  a  numerical  value  (in  the 
ranch  problem  a  profit  value)  to  each 
solution  or  possible  set  of  values  on 
the  decision  variables. 

In  the  ranch  problem,  the  criterion 
of  optimality  is  the  maximization  of 
profit  and  the  objective  function 
determines  the  profit  resulting  from 
any  values  of  x^  and 


CONSTRA I  NTS 


The  constraints  in  the  LP  model 
have  been  broken  into  two  types, 
operational  constraints  and  non¬ 
negativity  constraints. 

Operational  constraints  arise  from 
the  nature  of  the  system  the  model 
represents.  For  example,  in  the  ranch 
problem  the  first  operational  constraint 
reflects  the  capability  of  the  system 
to  produce  forage.  It  is  included  in 
the  problem  because  the  ranch  has  a 
limit  on  the  amount  of  forage  it  can 
produce  and  we  want  to  limit  the  pro¬ 
duction  of  cattle  and  sheep  accordingly. 
The  remaining  operational  constraints 
in  the  ranch  problem  reflect  the  desires 
of  the  people  associated  with  the  ranch. 
Further  examples  of  the  variety  of 
forms  operational  constraints  can  take 
will  be  described  later. 
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DECISION  (ACTIVITY)  VARIABLES 


The  non- nega t i v i ty  constraints 
are  logical  constraints  reflecting  the 
impossibility  of  having  negative 
quantities  of  the  commodities  that  the 
decision  variables  represent.  For 
example,  in  the  ranch  problem  these 
constraints  reflect  the  impossibility 
of  having  negative  numbers  of  cattle 
and  sheep.  If  you  worked  exercise  3.1, 
you  realized  that  the  second  and  third 
operational  constraints  in  the  ranch 
problem  make  the  no n - n e g a t i v i t y  con¬ 
straints  redundant  or  unnecessary. 

This  is  not  unusual,  for  in  many  problems 
operational  constraints  make  the  non¬ 
negativity  constraints  for  some  of  the 
variables  redundant.  Most  computer  LP 
packages  automatically  assume  that 
they  are  part  of  the  problem.  As  a 
result,  the  user  does  not  need  to 
specify  them  as  data  to  be  input  into 
the  comp  u  te  r . 

In  the  genera l  model  the  a.^  's 

(i  =  1,2,...,  m;  j  =  1,2,...,  n)  were 
used  to  denote  the  coefficients  of  the 
decision  variables  on  the  left  hand 
side  (LHS)  of  the  constraints.  As  we 
have  seen  in  the  ranch  example,  i  =  1 , 

(h  operational  constraints)  and 
j  =  1,2,  (2  decision  variables). 

Referring  to  figure  A.l,  we  see 
that  for  the  first  operational  constraint 
(i  =  1)  we  have  a^  =  1  and  3  \  2  =  ^  ^ ' 

Similarly  for  the  second  operational 
constraint  (i  =  2)  a^j  =  0  and 

a » „  =  1.  Note  that  some  of  the  a..'s 

22  1  j 

can  be  zero.  In  most  land  management 
planning  problems  the  majority  of  the 

a..'s  are  zeros. 

•  J 

In  the  general  model,  the  b.'s 

(i  =  1,  2,  ...,  m)  were  used  to  denote 

the  RHS  values  for  the  operational 
constraints.  In  the  ranch  example, 
b  |  =  100,  b  2  =  100,  b3  =  50  and  b ^ 

=  200.  Each  operational  constraint 
corresponds  to  a  limitation  on  some  re¬ 
source  and  the  right  hand  side  (RHS) 
values  represent  the  limiting  amount  of 
these  resources.  In  the  ranch  problem, 
forage  is  a  limited  resource;  there  are 
at  most  100  AU ' s  (the  RHS  of  the  forage 
constraint)  available. 


In  any  LP  problem,  the  constraints 
and  the  objective  function  are  linear 
functions  of  a  set  of  variables  refer¬ 
red  to  as  decision  or  activity  vari¬ 
ables.  Specifying  values  for  the 
decision  variables  is  equivalent  to 
specifying  a  management  strategy  in 
terms  of  the  levels  and  types  of 
activities  that  will  be  implemented. 

In  the  ranch  problem  the  decision 
variables  represent  the  number  of 
cows  (x^)  and  the  number  of  sheep  (x^) 

to  be  stocked  on  the  ranch.  An  example 
of  a  management  strategy  would  be  to 
stock  50  head  of  cattle  (x^  =  50)  and 

100  head  of  sheep  (x^  =  100).  In 

general,  for  any  LP  problem,  a  strategy 
is  specified  when  a  value  (some  of  these 
values  may  be  zero)  is  assigned  to 
every  decision  variable  in  the  problem. 


Linear  programming  derives  its 
name  from  the  fact  that  all  mathematical 
relationships,  as  expressed  by  the 
objective  function  and  constraints,  are 
linear.  That  is,  they  contain  no  terms 
involving  either  powers  of  the  x's 
other  than  one,  or  cross  products  of  the 
x's.  For  example,  the  expressions  - 


x,  +  (1/5)  x22 

and 

X,2  +  (1/5)  X,  x2 


are  nonlinear  in  x^  and  x^  •  On  the 

other  hand,  all  relationships  in  the 
general  LP  model  and  in  the  ranch 
problem  are  linear  in  the  decision 
variables. 
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DEFINITIONS 


We  defined  a  strategy  for  any  LP 
problem  as  a  set  of  values  assigned 
to  the  decision  variables  associated 
with  the  problem.  The  constraints 
associated  with  the  problem  define 
what  is  called  the  set  of  feasible 
s trategies . 

A  feasible  strategy  is  one  that 
satisfies  all  of  the  constraints 
in  the  problem.  The  set  of 
feasible  strategies  is  simply 
the  set  of  all  that  satisfy  all 
the  restraints. 

Since  the  objective  function  quantifies 
the  optimality  criterion  for  an  LP 
problem,  it  determines  which  of  the 
feasible  strategies  is  the  optimal 
strategy . 

The  optimal  strategy  for  an  LP 

problem  is  the  feasible  strategy 
that  maximizes  (or  minimizes)  the 
objective  function.  When  the 
values  of  the  x's  corresponding 
to  the  optimal  strategy  are  sub¬ 
stituted  into  the  objective 
function,  the  resultant  value  of 
Z  is  at  least  as  large  as  (or  at 
least  as  small  as)  the  value  of 
Z  which  results  when  the  x  values 
corresponding  to  any  other 
feasible  strategy  are  substituted. 

A  linear  programming  problem  is 
solved  by  determining  which  strategy 
in  the  set  of  feasible  strategies  is 
optimal.  That  is,  the  strategy  that 
either  maximizes  or  minimizes  the 
objective  function  is  determined, 
general  discussion  of  how  this  is 
is  presented  in  section  6  of  this 
manual  . 


A 

done 


Example  4.1  With  reference  to 
the  ranch  example,  are  the 


1)  This  is  a  feasible  solution 
since  60  cattle  exceed  the 
rancher's  minimum  of  50  and  the 
150  sheep  lie  between  the  wife's 
lower  limit  of  100  sheep  and  the 
ranch  hands'  upper  limit  of  200 
sheep.  Also,  1  (  6  0 )  +  1/5  (150) 

=  60  +  30  =  90,  which  is  less 
than  the  upper  limit  of  forage 
of  100  AU  ‘  s  . 

2)  This  solution  is  infeasible 
because  90  sheep  is  less  than 
the  wife's  minimum  requirement 
of  100  sheep. 

3)  This  solution  is  infeasible 
because  45  cattle  is  less  than 
the  rancher's  minimum  require¬ 
ment  of  50  cattle. 


Note  that 
1  a  t  es  one 


once  a  strategy  vio- 
constraint,  it  is 
not  necessary  to  examine  it 
further  to  determine  infeas¬ 
ibility  because  a  feasible 
strategy  must  satisfy  all  the 
constrai nts  . 


MORE  LINEAR  PROGRAMMING 
TERMINOLOGY-MATRIX  &  VECTOR 

The  notation  used  above  for  the 
general  LP  model  is  standard  for  most 
disciplines  that  utilize  the  technique, 
and  as  a  result,  some  additional  termin¬ 
ology  has  been  developed.  To  introduce 
this  terminology,  we  need  the  following 
definitions: 


A  matrix  is  a  rectangular  array  of 
numbers  having  a  certain  number 
of  rows  (m)  and  columns  (n) 
where  m  and  n  are  arbitrary 
i n  t  eg  e  r  s  . 


f  0  1 

1  ow 

ing  strategies  feas 

i  b  1 

e 

A 

vector  i s  a 

matrix  composed 

0  r 

non 

-feasible? 

0  f 

only  one  row  (row  vector) 

0  r 

one  column 

(column  vector) 

1) 

X1 

=  60  cattle,  x^  = 

1  50 

sheep 

0  f 

numbers  or 

variables . 

2) 

X1 

=  75  cattle,  x^  = 

90 

sheep 

3) 

X1 

=  45  cattle,  = 

175 

sheep 

Ex amp le  4.2 


1) 


2  1 

0  0 

b  1  6 


-  1 
3 
0 


0 

9 

7 


This  is  an 
m  =  3  row 
and  n  =  b 
column  matrix 
(3  x  b) 


CASE  2:  THE  VECTOR  OF  DECISION 
VARIABLES 


This  vector  (in  row  form)  is 

[x.,  x  _  ,  x  ]  for  the  general  LP 

I  2  n 

model  and  is  a  1  x  n  vector. 


2)  [16 


3) 


-  1 
-  1 
2 
0 
0 
6 


2  9]  Thi s  i  s  a 

5  element  row 
vector  (1  x  5) 

This  is  a  7 
element  column 
vector  (7  x  1). 


In  all  three  examples  the  numbers 
in  parentheses  represent  the 
number  of  rows  and  columns  and 
are  called  the  dimensions  of  the 
matrix  or  vector. 


Example  4.4  In  the  ranch 
problem  the  vector  of  decision 
variables  is  [X| ,x^]  and  is 

a  1  x  2  vector. 


CASE  3:  THE  MATRIX  OF 
COEFF  I  C  I  ENTS  OF  ACT  I  V  I TY 
VARIABLES  ON  THE  LEFT  HAND 
SIDES  (LHS )  OF  THE  CONSTRAINTS 


In  the  general  LP  model  th 
an  m  row  (m  constraints)  by 
column  (n  activity  variables) 
That  is, 


s  will  be 
n 

matrix. 


11  31  2 

,  .  a  . 

1  n 

2  1  3  2  2  ‘  ' 

.  .  a  _ 

2  n 

A 


The  terms  "matrix"  and  "vector"  are 
introduced  here  because  they  are 
frequently  encountered  in  discussions 
of  LP.  In  particular,  consider  the 
following  four  cases: 


CASE  1:  THE  VECTOR  OF  OBJECTIVE 
FUNCTION  COEFFICIENTS 


This  vector  (in  row  form)  is 

[c.,  c„,  ...,  c  ]  for  the  general  LP 

I  2  n 

model  and  is  a  1  x  n  vector  (one 
coefficient  in  the  objective  function 
for  each  of  the  n  activity  variables) 
This  vector  is  sometimes  called  the 
cost  vector  or  price  vector. 


a 


m  1 


m2 


a 

m  n 


The  subscripts  on  the  elements  (a's) 
in  the  matrix  identify  the  row  and 
column  address  for  each  element.  This 
matrix  is  called  the  A  matrix,  the 
activity  matrix,  or  the  technological 
matrix. 


Example  4.5  In  the  ranch 
problem  (figure  4.1),  the 
A  matrix  is  - 


1/5 

1 

0 


Example  4.3  In  the  ranch  problem 
the  price  vector  is  [  6  0 ,  10]  and 

is  a  1  x  2  vector. 


0  1 

Note  that  this  matrix  has  four 
rows  (one  for  each  of  the  four 
operational  constraints)  and 
two  columns  (one  for  each  of 
the  two  activity  variables). 
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CASE  k:  THE  VECTOR  OF  RIGHT 
HAND  S I DES  (RHS)  FOR  THE 
CONSTRAI NTS 


In  the  general  LP  model,  this  vector 
(in  column  form)  will  consist  of  m 
elements  (one  for  each  operational 
constraint).  That  is, 


b 


1 


B 


b 

m 


This  vector  is  called  the  resource 
availability  vector,  the  requirements 
vector,  the  RHS  vector,  or  most  often, 
the  B  vecto  r . 


Example  4.6  In  the  ranch 
problem,  the  B  vector  is  - 

1  0  0~ 


6 


1  00 
50 
200 


Note  that  this  vector  has  four 
elements,  one  for  each  opera¬ 
tional  constraint  in  the 
p  rob  1 em . 

If  you  have  had  any  exposure  to  LP, 
you  have  probably  heard  people  talking 
about  "the  matrix"  or  "the  A  matrix," 
and  "the  B  vector"  or  "the  RHS  vector." 
This  terminology  arises  from  the  LP 
notation  just  described. 


THE  MATRIX  APPROACH  TO 
EXPRESSING  THE  LP  MODEL 

Up  to  now  we  have  Expressed  1  inear 
programming  models  in  their  equation  or 
inequality  form.  There  is  another  way 
of  writing  a  linear  programming  problem 
which  is  called  the  matrix  or  tableau 
approach . 


To  see  how  this  is  done,  consider 
the  ranch  problem.  This  problem  is 
displayed  in  matrix  form  in  figure  A. 2. 
Note  that  in  this  form,  the  constraints 
and  decision  variables  are  identified 
as  rows  and  columns  respectively.  The 
tableau  or  matrix  contains  only  the 
coefficients  of  the  decision  variables , 
the  constraint  types,  and  the  right 
hand  side  values.  The  main  difference 
between  the  two  formats  is  that  in  the 
matrix  approach  one  does  not  write 
down  the  decision  variables  associated 
with  each  of  the  coefficients.  For  a 
small  problem  like  the  ranch  problem 
it  takes  no  more  time  to  write  down 
the  problem  in  equation  form  than  in 
matrix  form.  However,  for  large 
problems  involving  hundreds  or 
thousands  of  matrix  entries,  the  extra 
time  required  to  write  down  the 
appropriate  activity  variable  with  each 
coefficient  is  considerable.  Thus, 
the  matrix  form  offers  time-saving 
advantages . 


Rows  \  Columns 

(constraint^  (decision 
types)  ^variables) 

Number  of 
Cattle 

(X|) 

Number  of 
Sheep 
(x2) 

Constraint 

Type 

RHS 

Forage 

Availability 

1 

1/5 

< 

100 

Wife's  Sheep 

Requirement 

1 

> 

100 

Rancher's  Cattle 
Requirement 

1 

> 

50 

Ranch  Hand's 

Sheep  Requirement 

1 

< 

200 

Objective 

Function 

60 

10 

— 

— 

Figure  A. 2  A  Matrix  or  Tableau 

Representation  of  the 
Ranch  Problem. 
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In  figure  4.2,  note  that  where  a 
decision  variable  did  not  appear  in  a 
particular  constraint  row,  instead  of 
entering  a  zero  the  cell  was  left 
blank.  The  A  matrix  for  a  typical 
land  management  problem  will  have  a 

empty  cells  because 
rows  involve  only  a 
the  decision  variables 
problem  (i.e.,  as 


great  many  such 
many  constraint 
small  number  of 
def i ned  for  the 


mentioned  before, 


of  the 


'  J 


many 

=  0).  Leaving  the  large  number  of 
cells  that  contain  zero  coefficients 
blank  saves  time  and  enhances  the  ease 
with  which  the  matrix  can  be  interpreted. 


One  result  of  the  use  of  the  matrix 
format  has  been  the  increasing  use  of 
the  term  "row"  to  mean  constraint,  and 
the  term  "column"  to  mean  decision 
variable.  It  is  important  to  realize 
that  when  you  hear  a  statement  like 
"the  coefficient  for  sheep  in  the 
forage  row  is  1/5,"  it  means  that  the 
coefficient  of  the  decision  variable 
representing  number  of  sheep  (in  this 
example  x^  )  in  the  forage  constraint 

(in  this  example  row  1  in  the  matrix) 
is  1/5  (figure  4.2). 


1)  For  the  change  in  sheep 

forage  consumption  rate, 
all  we  need  to  do  is  change 
the  entry  (1/5)  in  the 
forage  row  for  sheep  to 
1/4.  The  new  forage  con¬ 
straint  is  x]  +  (  1 / 4 ) x2  <  100. 

2)  The  profit  restriction  must 
be  incorporated  into  the 
model  through  the  addition 
of  a  new  constraint  which 
will  be  the  equivalent  of 
adding  a  new  row  to  the 
matrix.  This  new  con¬ 
straint  expressed  in 
inequality  fortn  is: 

60x  j  +  1 0x^  >  2000 . 

The-  matrix  representation  of  this 
modified  ranch  problem  is 
presented  in  figure  4.3.  The 
changed  coefficient  and  the 
added  constraint  have  been 
circled. 


It  is  also  important  to  realize 
that  the  numbers  in  a  linear  programming 
matrix  really  represent  the  coefficients 
of  the  decision  variables  in  inequality 
or  equality  constraints.  Thus,  when 
you  change  these  coefficients  or  add  new 
ones,  you  are  either  making  changes  in 
existing  constraints  or  are  adding  new 
constraints  to  the  problem. 


Example  4.6  Consider  the  ranch 
problem  again.  Suppose  that  the 
rancher  has  received  the  latest 
extension  research  bulletin 
which  contains  an  article  that 
suggests  that  sheep  consume  1/4 
of  a  cattle  AU  of  forage  per 
year.  Also,  the  rancher  has 
determined  that  if  he  cannot  make 
at  least  $2000  per  year  he  would 
be  better  off  selling  his  ranch. 
How  do  we  reformulate  the  ranch 
example  to  account  for  this  new 
information? 


Rows  \  Columns 

(constraint^  (decision 
types)  \variables) 

Number  of  Number  of  Constraint 

Cattle  Sheep  Type 

(x()  (x2)  RHS 

Forage 

Availability 

Wife's  Sheep 

Requirement 

Ranchers  Cattle 
Requirement 

Ranch  Hand's 

Sheep  Requirement 

1  (7/4)  <  ioo 

1  >  100 

1  >  50 

1  <  200 

f  Rancher's  Profit 
(.Requirement 

60  10  >  2000^ 

Objective 

Function 

60  10  - 

Figure  4.3  A  Matrix  or  Tableau 

Representation  of  the 
Modified  Ranch  Problem. 
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THE  PROBLEM  OF  UNITS 


Until  this  point  we  have  talked 
about  the  constraint  equations  and 
inequalities  without  concern  for  the 
units  which  are  associated  with  them. 
You  have  undoubtedly  considered  the 
problem  of  units  for  equations. 

Suppose  we  have  an  equation  of  the  form 
A  =  B  .  For  the  equality  to  make  any 
sense 3  (i.e.,  to  avoid  the  problem  of 

equating  apples  and  oranges),  the 
quantity  A  must  be  in  the  same  units 
as  the  quanity  B. 

This  idea  carries  over  to  in¬ 
equalities  in  the  same  way.  That  is, 
an  inequality  like  A  <_  B  or  A>_B 
makes  no  sense  unless  the  quantities 
A  and  B  are  in  the  same  units.  To 
explore  this  further,  let's  examine 
the  units  of  some  of  the  constraints 
in  the  ranch  problem.  Consider  the 
forage  constraint: 

x  1  +  ( 1 / 5 ) x 2  £  100 

The  units  that  are  implied  in  this 
relationship  are: 


AU 


h  e  a-d — w  f  Ldl  Lte  /  ^ X  1 


cattle) 


;hLi^)(x2 


£  100  AU 

Note  that  the  units  "head  of 
cattle"  and  "head  of  sheep"  cancel  out 
so  that  the  quantity  of  x^  +  ( 1 / 5 ) x 2 

is  expressed  in  terms  of  AU  1  s  .  Thus 
we  have  the  same  units  on  each  side  of 
the  i  neq  ua  1  i ty  sign. 

As  another  example,  consider  the 
constraint  representing  the  rancher's 
cattle  requirement: 

X,  >  50 

In  this  case,  the  units  of  x^  are 

cattle  and  the  RHS  of  50  also  represents 
cattle  so  that  the  two  quantities  are 
already  in  the  same  units.  The  units 
that  are  implied  in  this  relationship 
are: 


>  50  head/cattle 


Again  the  units  are  the  same  on  each 
side  of  the  inequality  sign. 

Exercise  4.1  Consider  the 
modified  ranch  problem 
represented  above.  Analyze 
the  constraints  representing: 

1)  the  wife's  sheep  requirement 

2)  the  ranch  hands'  sheep 
r eq  u i  remen  t 

3)  the  rancher's  profit 
requ  i  rement 

and  verify  that  the  quantities 
on  each  side  of  the  inequality 
signs  have  the  same  units. 

As  a  final  note  on  units,  recall  the 
matrix  representation  of  an  LP  problem 
described  previously.  As  we  pointed 


out 

ea  r 

1  i  e  r  , 

each  row  in  the 

matrix 

corresponds 

to  a  constraint  and  each 

CO  1 

umn 

corresponds  to  an  acti 

v  i  ty 

va  r 

i  a  b  1 

e.  From  the  above  dis 

cuss  ion 

o  n 

units,  we 

conclude  - 

1) 

Each 

activity  variabl 

o 

(col 

umn)  has  an  as  soc 

i  a  t  ed 

unit 

• 

2) 

Each 

constraint  coeff 

i  c  i  e  n  t 

has 

an  associated  uni 

t  . 

3) 

Each 

constraint  (row) 

i  s 

expressed  in  terms  of 

some 

unit 

which  depends  on 

the 

units  in  1)  and  2). 

In  developing  the  matrix  for  any 
linear  programming  problem  it  is 
important  to  always  keep  the  units  in 
mind.  We  will  talk  more  about  this 
later  as  we  investigate  other  examples. 
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5:  A  Graphical  Inter¬ 
pretation  of  the 
“Stocking  a  Ranch” 
Problem 

We  have  been  talking  about  the 
"stocking  a  ranch"  example  long  enough 
now  that  it  probably  seems  as  though 
we  are  flogging  a  dead  horse.  There 
remains,  however,  one  important  aspect 
that  we  haven't  covered,  and  that  is  a 
graphical  interpretation  of  the  problem. 
Before  we  began,  a  short  discussion  of 
the  importance  of  this  material  is  in 
order. 

For  small  linear  programming  (LP) 
problems  like  the  ranch  problem 
involving  two  decision  variables,  we 
can  use  a  simple  coordinate  system  to 
graphically  describe  exactly  what  is 
happening  in  the  problem.  This  effort 
serves  at  least  two  useful  purposes- 

1)  We  can  plot  the  constraint 
inequalities  and  hence,  plot 
the  set  of  feasible  solutions. 

2)  We  can  gain  some  insight  into 
the  procedure  by  which  an  LP 
problem  is  solved. 


The  graphical  approach  is  generally 
limited  in  application  to  two-variable 
problems.  It  is  difficult  (but 
possible)  to  plot  in  three  dimensions 
(three  decision  variables)  and  it  is 
impossible  to  plot  in  four  or  more 
dimensions  (four  or  more  decision 
variables).  Despite  this  limitation, 
graphical  interpretation  is  still  a 
useful  technique  because  the  insights 
into  LP  that  it  provides  for  two- 
variable  problems  are  equally  applicable 
to  larger  problems.  That  is,  the 
mathematical  relationships  encountered 
in  a  simple  two-variable  problem 
generalize  to  problems  with  any  number 
of  decision  variables.  Consider  the 
ranch  example.  (If  you  are  not  comfort¬ 
able  with  the  concept  of  plotting 
equalities  and  inequalities,  you  should 
review  the  material  presented  in 
Section  2  of  this  manual.) 

We  have  already  indicated  that  any 
solution  to  or  strategy  for  the  ranch 
problem  consists  of  the  assignment  of 
numerical  values  to  the  decision 
variables  (x,  =  number  of  cattle  and 


x^  =  number 


use  an 


1 


1 

o  f 
x , 


=  number 
sheep).  Thus,  we  can 
coo  rdinate  system 


2 

(see  figure  2.1,  Section  2)  to  repre¬ 
sent  all  strategies  or  combinations  of 
values  for  x.  and  x„ . 


As  mentioned  in  previous  sections, 
in  most  situations  the  decision 
variables  for  an  LP  program  can  take 
on  only  positive  values.  Certainly 
this  is  true  for  the  ranch  example, 
since  negative  numbers  of  cattle  and 
sheep  have  no  meaning.  Mathematically, 
these  logical  restrictions  are 
represented  by  the  no n - n eg  a t i v i t y 
constraints  described  in  Section  3- 
That  is,  Xj^O  and  x2  •>  0  . 

From  a  plotting  standpoint,  these 
non - neg a t i v i ty  restrictions  enable  us 
to  ignore  all  quadrants  of  the 
coordinate  system  in  figure  2.1  except 
the  first.  That  is,  the  no n - n eg  a t i v i t y 
constraints  will  eliminate  strategies 
that  do  not  correspond  to  points  in  the 
first  quadrant. 

For  purposes  of  reference,  the  com¬ 
plete  unmodified  ranch  problem  model  is 
as  foil ows  : 
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WIFE'S  SHEEP  CONSTRAINT 


Max  profit  (Z ) 

=  6 Ox  j 

+  1  0x2 

Subject  to: 

X1 

+(  1  /  5  )x  2 

£  1  00 

X2 

>_  100 

X1 

1  V 

U~1 

o 

X2 

£  200 

o 

A  | 

X 

o 

A  | 
CM 
X 

As  with  the  n o n - n eg  a t i v i t y  constraints, 
the  operational  constraints  have  a 
graphical  interpretation.  Recall  that 
in  Section  3  we  indicated  the  following: 


To  begin,  consider  the  wife's  sheep 
requirement  constraint,  100  .  The 

set  of  points  (strategies)  that  satisfy 
this  constraint  is  plotted  in  figure  5  •  1  • 
This  set  is  represented  by  the  shaded 
area  in  the  figure  which  consists  of 
all  points  in  the  first  quadrant  with 
an  x  coordinate  of  100  or  more.  All 
2 

of  the  points  below  the  line  x^  =  100 

are  eliminated  from  consideration  as 
feasible  solutions  because  they  violate 
the  wife's  sheep  requirement.  All  of 
the  points  above  x^  =  100  are  feasible 

solutions  as  far  as  the  wife  is 
concerned . 


1)  The  operational  constraints 
define  a  set  of  feasible 
strategies  where  a  feasible 
strategy  is  defined  to  be  one 
that  satisfies  all  of  the 
constraints  simultaneously. 


2)  The  optimal  strategy  is  the 
strategy  in  the  set  of 
feasible  strategies  that 
maximizes  profit  (in  this 
example)  as  expressed  by  the 
objective  function. 


We  are  going  to  divide  the  discussion 
of  the  graphical  interpretation  of  the 
ranch  problem  into  two  parts  correspond¬ 
ing  to  the  two  concepts  listed  above. 


DETERMINING  THE  SET  OF  FEASIBLE 
SOLUTIONS 

Our  procedure  consists  of  plotting 
each  operational  constraint  in  the 
ranch  problem.  Once  all  of  the  con¬ 
straints  are  plotted,  we  can  delineate 
the  set  of  feasible  solutions  for  the 
p  rob  1 em . 


Figure  5-1  The  Set  of  Strategies 
Satisfying  the  Wife's 
Sheep  Requirement. 
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RANCH  HANDS'  CONSTRAINT 


Now  consider  the  impact  of  the 
ranch  hands'  sheep  restriction, 

200.  Figure  5.2  shows  a  plot  of 

the  set  of  points  that  satisfies  both 
the  ranch  hand's  and  the  wife's  sheep 
requirements.  This  requirement 
eliminates  any  strategy  having  more 
than  200  sheep<  (x^  >  200)  hence  all 

the  points  above  the  x^  =  200  violate 

this  consraint  and  therefore  cannot 
be  feasible  solutions.  The  two 
constraints  in  combination  restrict 
possible  feasible  strategies  to  those 
that  are  represented  by  points  in  the 
shaded  area  in  figure  5-2. 


Exercise  5.1  Are  the  points 
lying  on  the  lines  =  100 

and  x^  =  200  feasible 

strategies  at  this  point? 

Why  or  why  not? 


RANCHER'S  CONSTRAINT 


The  next  constraint  that  we  will 
consider  represents  the  rancher's 
cattle  requirement,  x^  >_  50.  The 

set  of  points  that  satisfies  this 
requirement  and  the  wife's  and 
ranch  hands'  requirements  is  represented 
by  the  shaded  area  in  figure  5*3* 

Only  points  to  the  right  of  the  line 
(as  well  as  the  line  itself)  represent 
strategies  that  satisfy  the  rancher's 
requirement  of  at  least  50  cattle.  The 
addition  of  the  rancher's  cattle  require¬ 
ment  has  had  the  effect  of  eliminating 
all  strategies  in  the  rectangle  labeled 
"A"  in  figure  5 • 3 • 


Figure  5-2  The  Set  of  Strategies 
Satisfying  Both  the 
Wife's  and  the  Ranch 
Hands'  Sheep  Require¬ 
ments  . 


Figure  5-3  The  Set  of  Strategies 

Satisfying  the  Wife's,  the 
Rancher's  and  the  Ranch 
Hands'  Stock  Requirements. 


FORAGE  CONSTRAINT 


Finally,  let's  consider  the  forage 
limitation  constraint,  +  (l/5)*2  — 

This  constraint  is  a  function  of  both 
Xj  and  x^ >  so  the  plotting  procedure 

(see  section  2)  is  different  from  that 
used  for  the  previous  constraints. 

Since  it  is  a  <_  constraint,  only 
strategies  represented  by  points  on  or 
below  the  line  x^  +  (l/Sjx^  =  100  will 

satisfy  it.  Hence  the  only  strategies 
that  satisfy  this  constraint  and  the 
other  three  constraints  are  those  re¬ 
presented  by  points  in  the  shaded 
trapezoid  in  figure  5  •  4  .  This  is  the 
set  of  feasible  solutions  for  the 
ranch  problem. 

Exercise  5.2  Select  two  or 
three  points  in  the  shaded 
area  in  figure  5  •  **  and  verify 
that  they  satisfy  all  of  the 
constraints. 


Figure  5.^  The  Set  of  Feasible 
Solutions  for  the 
Ranch  Problem. 


Careful  study  of  the  above  plotting 
process  can  provide  insight  into  the 
role  of  the  constraints  in  any  LP 
problem.  Each  has  the  effect  of 
eliminating  some  strategies  from 
consideration  as  feasible  strategies 
because  they  violate  that  constraint. 
When  all  constraints  are  considered 
together  there  rnay  be  a  set  of 
strategies  that  have  not  been  eliminated 
This  set,  if  it  exists,  consists  of 
strategies  that  are  feasible  for  all  of 
the  constraints. 

It  is  possible  to  have  a  set  of 
constraints  such  that  there  are  no 
strategies  that  satisfy  all  of  them 
and  in  such  cases  there  is  no  feasible 
strategy.  This  problem  will  be  dis¬ 
cussed  in  more  detail  in  section  6  of 
this  manual.  While  we  cannot  represent 
the  situation  graphically,  the  same 
relations  flips  between  constraints  and 
feasible  and  infeasible  strategies  hold 
for  LP  problems  with  any  number  of 
decision  variables. 


Exercise  5. 

3: 

Verify  graphi- 

ca  1  1  y 

that 

the 

re  are  no 

strategies 

(  po 

ints)  that  sati 

s  f  y 

all  of 

the 

fol 

lowing  constrai 

nts 

X1  - 

0 

X  2  ^ 

0 

v  | 

CM 

X 

100 

X2  ^ 

200 

Note  the  si 

m  i  1 

a  r  i  ty  between 

these 

co  n  s  t  r  a  i 

nts  and  some 

of  those 
problem. 


in  the  ranch 


DETERMINATION  OF  THE  OPTIMAL 
SOLUTION 

In  this  subsection  we  will  describe 
a  graphical  process  for  identification 
of  the  optimal  solution  for  the  ranch 
problem.  This  process  is  limited  in 
application  to  problems  where  the  set 
of  feasible  solutions  can  be  represented 
graphically  or,  in  other  words,  for 
problems  having  only  two  decision 
variables.  However,  the  process  is 
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2  intercept  is: 


useful  because  it  shows  how  the  nature 
of  the  objective  function  determines 
which  member  of  the  set  of  feasible 
solutions  is  the  optimal  solution.  It 
is  also  useful  for  elaboration  of  some 
of  the  underlying  principles  of  the 
general  methodology  used  to  solve 
linear  programming  problems. 


DETERM  I  N  I  NG  THE  OBJECT  I  VE 
FUNCT I  ON 


We  will  begin  the  description  of 
this  process  by  examining  the  objective 
function  Z  =  60Xj  +  1  0x2  .  Recall 

that  Z  is  the  criterion  variable  and 
in  this  case  Z  =  profit. 

We  want  to  select  the  strategy 
contained  in  the  set  of  feasible 
strategies  in  figure  5  •  ^  that  will 
maximize  Z.  Note  that  since  our 
objective  function  is  linear,  by  plot¬ 
ting  it  for  different  trial  values  of 
Z  we  will  obtain  a  series  of  parallel 
straight  lines. 

To  see  this,  consider  the  follow¬ 
ing  values  for  Z  and  the  correspond¬ 
ing  lines  that  result  when  the 
objective  function  is  plotted. 


Example  5 . 1 


Z  =  1 000 

=  6  Ox 

i + 

1  0x2 

Solve  for 

X2: 

X2 

=  10  0  -  6  x 

For  this 

line 

the 

x |  inter- 

ce  p  t  is: 

ii 

CM 

X 

0, 

X1  = 

ii 

1  6 

2/3 

The  x2  intercept  is: 


X]  =  0,  x2  =  100. 


Example  5 . 2 

Z  =  3000  =  60xj  +  10x2 
Solve  for  x2 :  x2  =  300  -  6xj 
For  this  line  the  x  ^  inter¬ 
cept  is:  x2  =  0  ,  x  =  50 


The  x 

X1  =  0,  x2  =  300  . 

Example  5 . 3 

Z  =  6000  =  60xj  +  1 0x2 
Solve  for  x£ :  x£  =  600  -  6x 
For  this  line  the  Xj  inter¬ 
cept  is:  x2  =  0 ,  x  j  =  1 00 
The  x2  intercept  is: 
x,  =  0,  x2  =  600. 

This  procedure  can  be  carried  out 
for  any  value  of  Z  ,  but  the  three  we 
examined  will  suffice  for  our  purposes. 
Using  the  techniques  described  in 
Section  2,  the  three  lines  are  plotted 
in  figure  5 . 5 . 


*2 


Figure  5-5  Plot  of  the  Objective 
Function  of  the  Ranch 
Problem  for  Three 
Values  of  Profit  (Z). 
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Note  that  these  lines  all  have  the 
same  slope;  all  lines  resulting  from 
any  choice  of  value  for  Z  will  have 
this  slope.  We  know  that  for  each  of 
these  lines  all  points  on  the  line 
yield  the  same  value  for  Z  .  For 
example,  all  points  on  the  line 
Z  =  6000  =  60Xj  +  1 0x^  have  coordi¬ 
nate  values  that,  when  substituted  into 
the  objective  function,  yield  a  profit 
of  $6000.  In  terms  of  strategies,  this 
means  that  all  strategies  that  yield  a 
profit  of  $6000  correspond  to  points 
on  the  line  6000  =  60x^  +  1 0x^ . 

The  same  remarks  apply  for  the  lines 
corresponding  to  Z  =  1000,  3000,  or 
any  other  value. 

Now  we  can  relate  these  lines  to 
the  set  of  feasible  solutions  developed 
earlier  in  figure  5  •  4  .  None  of  the 
three  lines  resulting  from  our  selec¬ 
tion  of  trail  values  for  profit  inter¬ 
sect  this  set  (figure  5-6).  Since  each 
of  these  lines  corresponds  to  the 
strategies  that  yield  profits  of 
$1000,  $3000  and  $6000  respectively, 

the  fact  that  these  lines  fail  to 
intersect  the  set  of  feasible  solutions 
suggests  that  all  of  these  trail  profit 
levels  are  infeasible. 


Figure  5-6  Plot  of  the  Set  of 
Feasible  Solutions 
and  Some  Trial  Objective 
Function  Values. 


Exercise  5.4  Select  one  of 
the  trail  objective  function 
lines  plotted  in  figure  5-6 
and  satisfy  yourself  that 
none  of  the  points  on  that 
line  correspond  to  feasible 
solutions. 

We  obtained  our  three  plots  of  the 
objective  function  by  selecting  trial 
profit  levels  or  values  of  Z  .  The 
above  discussion  implies  that  if  a 
profit  trial  value  is  feasible  for  the 
ranch  problem,  then  the  line  that 
results  when  the  objective  function  is 
plotted  should  intersect  the  set  of 
feasible  solutions  (i.e.,  some  of  the 
points  on  this  line  correspond  to 
feasible  strategies  for  the  problem). 

Consider  the  lines  corresponding 
to  Z  =  1000  and  Z  =  3000.  These 
lines  represent  strategies  which  yield 
profits  which  are  less  than  the  smallest 
feasible  profit. 

Consider  the  strategy  represented 
by  point  A  in  figure  5*6.  This  point 
corresponds  to  the  intersection  of  the 
Xj  =  50  and  x^  =  100  lines.  The 

profit  for  this  strategy  is: 

Z  =  60(50)  +  10(100)  =  $4000 

This  is  a  feasible  strategy  and  by 
examination  of  the  figure  it  is  easy  to 
see  that  any  other  feasible  strategy 
will  yield  a  greater  profit. 

By  following  the  same  reasoning,  we 
can  see  that  strategies  represented 
by  the  line  Z  =  $6000  yield  a  profit 
that  is  greater  than  feasible.  These 
facts  suggest  that  if  we  start  with 
small  trial  values  of  Z  and  steadily 
increase  them,  the  following  will 
happen  : 

1)  Initial  profit  levels  defined 
by  the  trial  values  of  Z  will 
be  less  than  the  minimum 
feasible  amount  (4000). 

2)  As  trial  values  increase  beyond 
4000,  profit  levels  will  be 
feasible  and  the  lines  will 
intersect  the  set  of  feasible 
solutions  (figure  5-7)* 

3)  At  some  trial  value,  (in  this 
case  Z  =  $5,800)  the  cor¬ 
responding  line  will  intersect 
the  set  of  feasible  solutions 
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at  only  one  point  (in  this  case 
the  point  D).  This  point  will 
correspond  to  the  optimal 
strategy  that  maximizes  profits 
(figure  5.7). 


THE  SIMPLEX  METHOD 


In  general  this  is  true,  but  it 
is  possible  that  the  line  will 
intersect  one  of  the  boundary 
segments  of  the  feasible  set. 
Then  there  are  an  infinite 
number  of  optimal  solutions. 
This  case  will  be  discussed  in 
section  6 . 

4)  As  larger  trial  values  of  Z 

(for  example  Z  =  6000,  figure 
5-6)  are  chosen,  the  line  moves 
out  beyond  the  set  of  feasible 
solutions.  Profit  levels 
corresponding  to  these  lines 
are  infeasible  and  greater  than 
optimal . 


*2 


x2=200 


X2=I00 


x 


I 


Figure  5-7  The  Optimal  Solution  to  the 
Ranch  Problem. 


The  trial  and  error  graphical 
approach  to  determining  the  optimal 
solution  can  only  be  applied  to  two- 
variable  problems.  Fortunately,  the 
procedure  used  to  solve  LP  problems 
is  not  only  relatively  efficient  but 
it  works  for  any  size  problem  as  long 
as  the  problem  is  correctly  formulated 
(see  Section  7).  This  method  is  known 
as  the  simplex  method  and  it  is  an 
algebraic  procedure  rather  than  a 
graphical  one . 

You  may  have  noticed  that  the 
optimal  solution  of  the  ranch  problem 
occurred  at  one  of  the  corners  of  the 
set  of  feasible  solutions.  It  can  be 
proven  mathematically  that  for  any  LP 
problem,  the  optimal  solution  (if  it 
exists)  will  be  found  at  one  of  these 
corners.  Because  of  this,  points 
located  at  these  corners  take  on 
special  importance  and  are  known  by 
special  names,  the  most  common  of  which 
are  corner  point  or  extreme  point.  The 
strategies  or  solutions  that  correspond 
to  these  corner  points  are  known  as 
basic  feasible  solutions. 

Exercise  5.5  Determine  the 
number  and  location  of  the 
corner  points  of  the  set  of 
feasible  solutions  for  the 
ranch  p  rob  1 em . 

Since  the  optimal  solution  occurs 
at  one  of  the  corner  points,  only  these 
points  need  to  be  considered  in  the 
process  of  determining  the  optimal 
solution. 

The  simplex  method  is  a  procedure 
for  examining  selected  corner  points, 
one  after  the  other,  to  determine  if  the 
corresponding  solution  is  optimal.  The 
procedure  is  mechanical  or  repetitive 
in  that  the  same  computational  process 
is  used  for  each  corner  point  that  is 
examined.  The  underlying  algebra  of 
the  method  is  complex,  but  fortunately 
it  is  not  necessary  to  understand  the 
details  in  order  to  use  linear 
programming  as  a  tool. 
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We  can 


rewrite  this  equation  as 


For  large  problems,  the  number  of 
corner  points  is  quite  large.  Conse¬ 
quently,  searching  them  for  the  optimal 
solution  in  a  haphazard  fashion  would 
be  very  time  consuming,  even  with  the 
aid  of  modern  high-speed  computers. 
Therefore,  it  is  important  that  the 
procedure  used  to  conduct  this  search 
is  capable  of  finding  the  optimal 
solution  as  rapidly  as  possible. 

The  simplex  method  meets  this 
criterion  of  efficiency  by  selecting 
what  might  be  regarded  as  the  shortest 
path  between  the  starting  point  and  the 
optimal  solution.  That  is,  conceptually 
one  can  regard  the  simplex  method  as 
moving  from  corner  point  to  corner 
point  on  a  journey  from  a  starting 
point  around  the  boundary  of  the 
feasible  region  to  the  optimal  solution. 
There  are  usually  many  possible  paths. 
Based  on  previous  computational  experi¬ 
ence  in  solving  large  LP's,  the  path 
chosen  by  the  simplex  method  is  far 
shorter  than  the  longest  possible  path. 

Since,  with  one  exception,  an 
understanding  of  the  algebra  of  the 
simplex  method  is  not  required,  we  will 
not  describe  the  procedure  in  this 
manual.  The  interested  reader  is 
referred  to  any  of  the  LP  texts  listed 
at  the  end  of  the  manual .  We  make  one 
exception  to  this  because  the  initial 
step  in  the  simplex  method  introduces 
some  concepts  that  are  very  important 
in  the  interpretation  of  the  solution 
of  an  LP  problem. 

As  we  have  seen,  LP  problems 
involve  constraints  that  are  often  in 
the  form  of  <_  and/or  >_  inequalities. 

The  first  step  in  applying  the  simplex 
method  to  any  problem  involves  the 
conversion  of  all  these  inequalities 
to  equations  or  equalities. 


SLACK  VARIABLES 

To  see  how  this  is  done,  consider 
the  constraints  in  the  ranch  problem. 

The  forage  constraint  is  x^  +  ( 1 / 5 ) x 

£  100.  This  constraint  means  that  the 
quantity  Xj  +  (1/5)x2»  which  is  the 

amount  of  forage  consumed  by  cattle 
and  sheep,  must  be  less  than  or  equal 
to  100  All's.  Define  a  new  variable 
x^  and  set  x^  equal  to  the  difference 

between  100  All's  and  +  (l/5)x  . 

That  is,  x  ^  =  100  -  (x^  +  (  1  / 5 )  x  ^  . 


x  3  =  100  -  X]  -  (  1 / 5 ) x  2 

o  r 

x!  +  (1/5) x2  +  x^  =  100. 

By  our  definition  of  x^  ,  x^  >_  0  since 

we  cannot  have  negative  forage.  Our 
new  variable  is  an  example  of  what  is 
called  a  slack  variable  in  LP  termin¬ 
ology.  It  measures  the  difference  or 
"slack"  between  x^  +  (  1  / 5 ) x  2  and 

100  All's  of  forage.  If  x^  +  (l/5)x2 

equals  100  All's,  then  x^  =  0.  If 

X|  +  (l/5)x2  is  less  than  100  All's, 


then 


equals  the  difference  between 


the  quantities. 

Note  that  by  introducing  this  slack 
variable  we  have  done  what  we  set  out 
to  do,  i.e.,  we  have  converted  the 
forage  inequality  into  an  equation.  We 
can  do  the  same  thing  for  any  other  £ 
type  constraint. 


Exercise  5.6  Use  the  above 
procedure  to  convert  the  ranch 
hand's  sheep  requirement  into 
an  equation.  Interpret  your 
slack  variable  for  this  con¬ 
straint. 


SURPLUS  VARIABLE 


A  similar  procedure  is  used  to  con¬ 
vert  >_  type  constraints  to  equations. 
Consider  the  wife's  sheep  requirement 
constraint,  x2  _>  100.  This  constraint 

states  that  the  number  of  sheep  (x2) 

must  be  greater  than  or  equal  to  100. 
Let's  define  a  new  variable,  say  x^  , 

that  represents  the  difference  between 
the  actual  number  of  sheep  and  100. 

That  is,  x4  =  x2  ~  100.  This  may 

be  rewritten  as  *2  ~  =  '®0. 

By  our  definition  of  x^,  x^  >_  0 

since  we  cannot  have  negative  sheep. 

The  variable  x^  is  an  example  of  what 

is  called  a  surplus  variable  in  LP 

terminology.  This  is  because  x^ 

measures  the  difference  or  surplus 
between  x2  and  100  sheep.  Another  way 
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to 

think  of  this  is 

to 

regard 

a  1  1 

sheep 

i  n 

excess  of  100  as 

extra  or 

"sur 

pi  us" 

sheep.  For  example, 

i  f 

X2  = 

100 

sheep  then  there  are 

no 

s  u  r  p  1 

us  s 

h  e  e  p 

and 

x .  =  0  . 

A 

Note  that,  as  wi 

th 

slack 

va  r  i 

a  b  1  e  s  , 

we 

have  converted  the  i 

n  e  q  u  a  1  i  t  y 

to  an 

equality.  This  procedure  can 

be 

a  p  p 1  i ed 

to 

any  other  >  cons  t  ra  i 

n  t  . 

Exercise  5.7  Use  the  surplus 
variable  procedure  to  convert 
the  rancher's  cattle  restriction 
to  an  equality.  Interpret  your 
surplus  variable  for  this 
constraint. 


Prior  to  solving  any  LP  problem  with 
the  simplex  method,  a  slack  variable  is 
introduced  to  every  <_  constraint  in  the 
problem  and  a  surplus  variable  is 
introduced  to  every  >_  constraint  in  the 
problem.  For  example,  if  a  problem  has 
100  <_  constraints  and  78  >_  constraints, 
there  will  be  100  slack  variables  and 
78  surplus  variables  introduced.  This 
is  done  a u toma t i ca 1 1 y  within  the  com¬ 
puter.  In  solving  the  problem,  the 
simplex  method  finds  values  for  the 
slack  and  surplus  variables  as  well  as 
for  the  original  activity  variables. 

The  values  of  these  variables  provide 
useful  information  because  they  tell 
us  how  much  of  each  of  the  resources 
are  unused  (<_  constraints)  or  over¬ 
produced  (>_  constraints).  For  example, 
we  saw  that  in  the  ranch  problem  the 


optimal 
and 


solution  was 


1 


x 2  =  100  sheep  (figure  5-7). 


=  80  cattle 

The 


amount  of  forage  consumed  is  1 (80)  + 
1/5(100)  =  100  AU's.  That  is,  there 
is  no  forage  left  and  our  slack  variable, 
x^  ,  is  equal  to  zero  in  the  optimal 

solution.  In  other  words,  there  is  no 
excess  forage  and  forage  is  a  limiting 
resource  in  this  problem. 


Exercise  5.8  Determine  the 
optimal  values  of  the  slack 
and  surplus  variables  for  the 
other  three  constraints  in  the 
ranch  problem.  Interpret  the 
meaning  of  these  values. 


6:  A  Land  Use  Problem 
and  Some  Elementary 
Sensitivity  Analysis 

The  three  previous  sections  of  this 
manual  have  been  devoted  to  an  in- 
depth  analysis  of  the  ranch  problem. 

Some  linear  programming  (LP)  terminology 
has  been  introduced  and  basic  solution 
concepts  have  been  discussed.  This 
section  will  be  devoted  to  the  formula¬ 
tion  of  a  simple  land  management  problem 
as  an  LP  problem.  Certain  aspects  of 
the  role  of  LP  in  the  planning  process 
and  some  complications  that  may  arise 
in  problem  formulation  will  be  discussed. 
Exercises  are  presented  at  the  end  of 
the  section. 

A  SIMPLE  ALLOCATION  PROBLEM: 

WILSON’S  TIMBER-RECREATION 

MODEL 

Consider  a  100,000-acre  tract  of 
National  Forest  land  located  in  an 


Adopted  from  a  problem  presented  in  a 
Masters  Thesis  by  Carl  N.  Wilson,  University 
of  Montana,  1 967 - 
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isolated  unit.  We  are  trying  to  decide 
how  many  acres  to  devote  to  timber 
production  and  how  many  acres  to  devote 
to  concentrated  recreation  (campgrounds 
and  picnic  areas).  That  is,  we  are 
considering  two  management  prescriptions 
which  will  correspond  to  the  following 
decision  variables: 

Xj  -  #  of  acres  subjected  to  timber¬ 
intensive  management 

x  ^  ~  #  of  acres  subjected  to 

recrea t i on- i n tens i ve  manage¬ 
ment. 

We  know  that  the  area  will  produce  400 
board  feet  of  timber  per  acre  per  year, 
on  the  average.  No  concentrated 
recreation  developments  are  possible 
in  the  areas  devoted  to  timber  inten¬ 
sive  management  because  clearcutting 
is  the  timber  harvest  method  practiced 
(resulting  in  timber  emphasis  areas 
being  completely  denuded  at  the  end  of 
each  rotation).  Also  the  areas  are 
subjected  to  periodic  commercial  thin¬ 
nings  during  the  rotation.  In  the 
winter,  some  timber  can  be  harvested 
from  the  areas  devoted  to  concentrated 
recreation  because  there  is  no 
recreational  use  at  that  time.  To 
preserve  the  forest  environment,  this 
cutting  must  be  done  on  a  selective 
basis  and  results  in  an  average  annual 
timber  production  of  only  100  board 
feet  per  acre.  Established  timber 
processing  plants  in  the  vicinity  have 
historically  used  20  million  board 
feet  per  year  from  the  area.  It  is 
arbitrarily  decided  that  the  area  will 
continue  to  provide  at  least  this  amount. 
Additional  processing  capacity  will  be 
encouraged  up  to  the  amount  of  timber 
that  will  prove  to  be  available  after 
the  acreage  allocation  is  determined. 
Timber  from  the  area  has  an  average 
end  product  wholesale  value  of  $  1 6 0 
per  thousand  board  feet.  Forest 
Service  costs  for  timber  management 
practices  or  activities  average  $10 
per  thousand  board  feet  produced.  Net 
timber  value  is  then  $150  per  thousand 
boa  rd  feet  . 

Campgrounds  and  picnic  grounds 
are  constructed  to  provide  three  units 
on  each  acre  developed,  but  these 
developed  areas  require  rather  wide 


buffer  areas  and  acreage  for  nature 
trails  and  other  features.  On  an 
average,  each  camp  or  picnic  unit 
requires  10  acres  to  be  devoted  to 
recreation.  Each  unit  receives  an 
average  of  200  visits  per  year  (or 
20  visits  per  acre  per  year).  There 
are  presently  100  units  on  the  area 
receiving  a  total  of  20,000  visits 
per  year.  These  visits  are  valued 
at  $5  each  for  what  they  contribute 
to  the  economy  on  the  basis  of  average 
end  product  wholesale  value.  Forest 
Service  recreation  management  costs 
for  the  area  have  averaged  $1  per 
recreation  visit,  leaving  a  net 
recreation  value  of  $4  per  visit. 

There  is  a  great  interest  in  recreation, 
and  all  areas  that  have  been  developed 
have  soon  been  used  to  capacity. 
Recreation  planners  recommend,  and  it 
is  agreed,  that  provision  for  recrea¬ 
tion  visits  should  be  at  least  double 
the  present  use,  and  that  the  maximum 
number  of  visits  the  area  can  sustain 
without  serious  degradation  of 
recreation  quality  is  400,000.  A 
summary  of  the  cost  and  net  value  cal¬ 
culation  is  presented  in  the  following 
table. 

Using  the  below  information  we 
will  formulate  a  linear  programming 
model  to  represent  the  situation. 

Suppose  that  we  desire  to  maximize  net 
value  or  revenue.  Based  on  the  infor¬ 
mation  in  table  6.1,  our  objective 
function  for  this  problem  is  - 

max  net  revenue  =  60x.  +  95x_ 

or  12 

max  Z  =  60x  +  95x  . 


Resource 

Timber 

Recreat i 

c 

o 

E mp ha  s i s 

Timber 

Vo  1 ume 

400 

100 

Net  Value 

$  1  50  x  .04 

$  1  50  x 

0  .  1 

=  $60 

= 

$  1  5 

Recreat i on 

Visits 

0 

20 

Net  Value 

0 

$4  x  20 

=  $80 

Total  Net  Value 

$60 

$95 

Total  Cost 

$  4 

$2  1 

Table  6.1  Calculation  of  costs  and 

net  values  per  acre  per  year. 


38 


In  order  to  meet  the  requirements  out¬ 
lined  above  we  will  need  the  following 
constraints: 

1)  An  acreage  constraint  -  we 
cannot  manage  more  than  the  100,000 
acres  - 


X|  +  100,000  acres 

2)  A  timber  demand  constraint  - 

400x]  +  1  0 Ox 2  >_  20,000,000 

board  feet 

3)  A  minimum  recreation  capacity 
constraint  - 

20x2  3L  /4°  > 000  visits 

4)  A  recreation  carrying  capacity 
constraint  - 

2 0 x ^  1  400 ,000  visits 

5)  N on - n ega t i v i t y  constraints  (we 
can't  have  a  negative  number 
of  acres)  - 

x 1  1  0  >  x2  1  0 

In  the  event  you  are  unsure  of  how  the 
information  given  above  was  used  to 
develop  the  objective  function  and 
constraints,  you  should  review  the 


material  on  units  in 
Verify  for  yourself 
are  correct  for  this 
The  comp  1 ete  LP 

Sect  ion 
that  the 
p  r o b 1 em 
model  is 

3  . 

units 
as  given. 

max  revenue 

Max  Z  =  60Xj  + 

95x2 

subject  to  - 

xi  + 

X  2 

< 

1 00 , 000 

400x  j  + 

1  00x2 

> 

20,000 ,000 

20x2 

> 

40 , 000 

2  0  x  2 

< 

400 , 000 

X1 

> 

0 ,  x  2  >_  0 

We  can,  using  the  terminology  introduced 
in  Section  4,  identify  the  following 


matrix  and  vectors  for  this  problem 

1)  The  vector  of  objective  function 
coefficients  or  price  vector  is  - 

[60,  95] 

2)  The  vector  of  decision  variables 
i  s  - 

[x  ,  X  ] 

3)  The  matrix  of  coefficients  of 
activity  variables  on  the  LHS 
of  the  constraints  (the  A 
matrix)  is  - 

1 

100 
20 
20 

4)  The  vector  of  constraint  RHS 
(the  B  vector)  is  - 

1  00,000 
=  20,000,000 
40 , 000 
400 , 000 

By  following  the  steps  outlined  in 
Section  5  for  the  ranch  problem, 
the  set  of  feasible  solutions  for  the 
TR  problem  may  be  plotted.  This  plot 
i s  s  hown  in  figure  6.1- 


A  = 


1 

400 

0 

0 


Figure  6.1  Graphical  representation 
of  Wilson's  TR  model. 
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From  the  remarks  we  made  in  Section  5, 
we  know  the  optimal  solution  must  be 
located  at  one  of  the  four  corners  or 
extreme  points  (labeled  A,  B,  C  and  D 
in  figure  6.1).  Using  either  the 
graphical  procedure  (see  figure  6.1)  or 
the  simplex  method,  it  can  be  shown  that 
the  optimal  solution  is  located  at  point 
C.  This  solution  is  - 

Xj  =  80,000  acres  managed  for 
t i mbe  r 


x^  -  20,000  acres  managed  for 
recreation 

Max  Z  =  $6,700,000,  of  which 

$4, 800,000  comes  from  timber 
and  $1,900,000  comes  from 
recreation. 


Verifty  for  yourself,  that  these  objec¬ 
tives  function  values  are  correct 
given  the  values  of  x^  and  x^. 


WILSON’S  TR  MODEL  AND  THE  NFMA 
PLANNING  PROCESS 


MANAGEMENT  PRACTICE  AND  MANAGEMENT 
PRESCR I PT I  ON 


Certain  components  of  Wilson's  TR 
problem  can  be  related  to  some  of  the 
concepts  or  terms  that  have  developed 
within  the  context  of  the  NFMA  planning 
process.  For  example,  consider  the 
terms  management  practice,  management 
prescription,  capability  area  and 
analysis  area.  A  management  practice 
is  defined  in  the  regulations  as  - 

a  specific  action,  measure  or 
treatment . 

A  management  prescription  is  defined 
in  the  regulations  as  - 

management  practices  selected  and 
scheduled  for  application  on  a 
specific  area  to  attain  multiple 
use  and  other  goals  and  objectives. 

Management  prescriptions  correspond  to 
columns  or  decision  variables  in  an  LP 
allocation  model. 2  Thus  Wilson's  TR 
problem,  t i mb e r - i n t e n s i v e  management 


It  should  be  recognized  that  while  only 
allocation  is  considered  here,  scheduling 
of  prescriptions  over  time  will  also  be 
handled  through  LP. 


and  r e c r e a t  i  o n  -  i  n t e n s  i  v e  management  are 
management  prescriptions.  Note  that 
each  is  comprised  of  several  manage¬ 
ment  practices.  For  example,  practices 
included  in  the  r e c rea t i o n - i n t en s i ve 
prescription  include  the  construction 
of  picnic  grounds  and  campgrounds, 
and  the  selection  cutting  of  timber. 

The  allocation  component  of  an  LP 
model  developed  for  a  forest  planning 
effort  will  contain  decision  variables 
that  correspond  to  the  number  of  acres 
managed  under  possible  prescriptions 
that  may  be  applied  to  the  land  within 
the  forest.  It  is  important  to  recognize 
that  in  developing  management  pre¬ 
scriptions  enough  detail  must  be 
specified  so  that  production  coefficients, 
costs,  etc.  can  be  developed  as  was  done 
in  the  Wilson  TR  example.  This  is 
necessary  because  these  values  are  an 
important  part  of  the  LP  model. 


ANALYSIS  AREAS 


Within  such  a  model  the  land  base 
for  a  national  forest  will  be  represented 
by  a  number  of  components  called 
analysis  areas  and  a  set  of  prescrip¬ 
tions  will  be  developed  for  each  area. 

In  Wilson's  TR  problem  there  is  only 
one  analysis  area  (the  100,000  acre 
tract  of  land  mentioned  in  the  problem 
description)  and  only  one  set  of 
prescriptions.  Within  the  allocation 
model  the  analysis  area  is  the  funda¬ 
mental  unit  of  land  in  that  it  is  the 
land  unit  to  which  an  acreage  constraint 
is  related.  That  is,  there  will  be  a 
constraint  that  insures  that  the  total 
acres  allocated  to  all  prescriptions 
possible  for  a  given  analysis  area 
must  be  less  than  or  equal  to  the 
total  number  of  acres  in  the  analysis 
area.  For  the  single  analysis  area  and 
set  of  two  prescriptions  in  Wilson's  TR 
problem,  the  acreage  constraint  is 
Xj  +  *2  —  100,000  as  given  in  the 

problem  description. 

As  mentioned  above,  many  analysis 
areas  would  be  required  in  an  LP  model 
for  an  entire  national  forest.  At 
least  one  acreage  constraint  would  be 
necessary  for  each  of  them  and  in  some 
cases  more  than  one  might  be  required. 

To  see  why  this  might  happen,  suppose 
that  for  some  reason  it  is  desired  in 
Wilson's  TR  problem  to  restrict  the 
number  of  acres  managed  by  timber- 
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intensive  management  (x^)  to  be  no  more 

than  30,000.  This  can  be  handled  with¬ 
in  the  -model  with  another  acreage 
constraint  involving  only  x^. 
i  s  , 


That 


x  j  £  30,000 

Thus,  if  it  is  desired  to  restrict  the 
number  of  acres  a  given  type  of  manage¬ 
ment  may  be  applied  to  within  an 
analysis  area,  additional  acreage 
constraints  (sometimes  called  secondary 
acreage  constraints)  are  required.  The 
set  of  acreage  constraints  for  the 
different  analysis  areas  would  be  one 
component  of  a  forest-wide  LP  model. 

Each  analysis  area  has  the  potential 
of  being  made  up  of  a  single  capability 
area,  part  of  a  capability  area,  part 
of  several  capability  areas,  or  several 
capability  areas.  Several  procedures  for 
the  identification  of  capability  areas 
exist  depending  on  factors  such  as  the 
nature  and  type  of  data  available,  the 
nature  of  the  land  area  in  question,  and 
the  types  of  issues,  concerns  and 
opportunities  that  must  be  addressed. 

It  is  possible  that  several  thousand 
capability  areas  might  be  identified  on 
a  National  Forest.  If  these  were  to  be 
the  fundamental  units  of  land  in  an  LP, 
several  thousand  acreage  constraints  of 
the  type  just  discussed  would  be  re¬ 
quired.  Clearly,  this  gets  into  model 
size  problems  and  this  is  one  reason 
why  it  is  necessary  to  aggregate 
capability  areas  into  analysis  areas. 


LIMITATIONS  TO  LP  ALLOCATION  MODEL 


At  this  point,  some  comments  are 
in  order  about  the  relationship  between 
the  solution  of  an  LP  allocation  model 
and  the  problem  of  linking  this 
solution  to  what  is  actually  on  the 
ground.  A  solution  will  provide 
information  on  how  many  acres  should 
be  managed  with  each  prescription 
within  each  analysis  area.  For 
example,  the  solution  of  Wilson's 
TR  problem  tells  us  to  allocate  80,000 
acres  to  t i mbe r - i n t e n s i ve  management 
and  20,000  acres  to  rec rea t i on - i n ten- 
si  ve  management.  The  problem  arises 
from  the  fact  that  the  model  does  not 
tell  us  which  acres  of  the  100,000 


available  to  allocate  to  each  prescrip¬ 
tion.  This  is  a  problem  with  any  LP 
allocation  model  in  that  decisions  will 
need  to  be  made  outside  of  the  model 
as  to  which  acres  within  each  analysis 
area  are  managed  by  which  prescription. 
In  other  words,  each  solution  must  be 
tested  for  spatial  feasibility  on  the 
ground  to  insure  that  it  will  be  work¬ 
able. 


THE  NFMA  PLANNING  PROCESS 


While  Wilson's  TR  model  is  a  very 
simple  example,  the  steps  required  for 
its  development  can  be  related  to 
various  actions  in  the  NFMA  planning 
process.  For  example,  refer  to  table 
1.1  in  Section  1  which  outlines  some 
of  the  planning  activities  that  should 
take  place  during  the  implementation 
of  the  actions  of  the  process.  The 
existence  of  demand  for  timber  and 
concentrated  recreation  would  be 
determined  through  various  planning 
activities  within  the  "Identification 
of  Issues,  Concerns  and  Opportunities" 
action.  Actual  demand  estimates 
would  be  developed  during  the  "Demand 
analysis"  phase  of  the  "Analysis  of  the 
Management  Situation"  (table  2.1). 

The  data  on  timber  and  recreation 
management  values  and  costs  would  be 
developed  during  the  "Inventory  Data 
and  Information  Collection"  action 

The  estimates  of  board  foot  yields 
and  current  recreation  use  would  be 
determined  in  the  development  of 
resource  output  coefficients  during 
the  "Analysis  of  the  Management  Situation 
The  timber  and  recreation  management 
practices  including  such  things  as 
harvest  systems  and  sizes  and  capacities 
of  picnic  and  campsite  areas,  would  be 
dealt  with  during  the  "Management 
prescription  development"  phase  of  the 
"Analysis  of  the  Management  Situation." 
This  development  would  be  based  on 
findings  from  the  Identification  of 
Issues,  Concern  and  Opportunities" 
actions  and  "Su  i  ta b  i  1  i  ty /capa b  i  1  i ty 
analysis"  activity  in  the  "Analysis 
of  the  Management  Situation."  All  of  th 
information  would  be  incorporated 
into  the  model  during  the  LP  matrix 
generation  activities  of  the  "Analysis 
of  the  Management  Situation." 


GENERATING  ALTERNATIVE  PLANS 
BY  CHANGING  THE  MODEL 

The  solution  of  the  model  yields 
a  management  plan  that  allocates  acres 
to  management  prescriptions  and  pro¬ 
duces  timber  and  concentrated  recrea¬ 
tion.  Alternative  plans  could  be 
generated  by  making  changes  in  the 
model  (i.e.,  adding  constraints, 
changing  coefficients  or  the  objective 
function,  etc.)  and  solving  the 
modified  problems.  Each  solution 
would  correspond  to  an  alternative 
plan,  and  this  would  be  done  during 
both  the  "Analysis  of  the  Management 
Situation"  and  the  "Formulation  of 
Alternative"  actions. 


EXAMPLE  6.1  CHANGING  THE  MODEL 

TO  PERFORM  A  SENSITIVITY  ANALYSIS 

With  reference  to  Wilson's  TR 
problem,  suppose  that  budget  is 
an  additional  concern.  That  is, 
there  is  a  limit  of  $500,000  per 
year  that  may  be  spent  on  manage¬ 
ment  prescriptions. 

Let's  modify  the  original 
problem  to  incorporate  this  new 
restriction.  We  know  from  the 
information  in  table  6.1  that 
it  costs  $4.00  per  acre  (400 
board  feet/acre  x  $10  cost/ 
thousand  board  feet)  to  manage  for 
timber.  For  recreation  management, 
the  cost  is  $21.00  per  acre  (20 
units/acre  x  $  1  / v i s i t  +  100  board 
feet  timber/acre  x  $10  cost/ 
thousand  board  feet).  Since  we 
must  spend  less  than  the  budget 
limit  of  $500,000  the  budget 
constraint  may  be  written  - 

4x |  +  21x2  <  500,000 

The  new  model  is  developed  from 
the  original  by  adding  this  new 
constraint.  That  is  - 

Max  Z  =  60x  j  +  95x2 

subject  to  - 

ac  reage 

constraint  x  ^  +  x  ^  £  100,000 

timber 

demand 

constraint  400Xj  +  100x2  >_  20,000,000 


minimum 
recreation 
constra i nt 


2 Ox 2  >  40,000 


maximum 
recreat  ion 

constraint  20x2  400,000 


budget 

constraint  4x^  +  21x^  <_  500,000 


non¬ 

negativity 


constraints 

X1  ^ 

o 

X 

ro 

>  0 

At  this  point 

it  is  reasonable 

t  o 

ask,  "How  does 

the  a  d  d i t 

ion  of 

the 

budget  constra 

int  affect 

the 

problem  in  terms  of  selection  of 
an  optimal  solution  or  management 
pi  an?" 

To  answer  this  question  con¬ 
sider  the  graphical  representation 
of  the  modified  problem  shown  in 
figure  6.2.  This  shows  that  the 
addition  of  the  budget  constraint 
has  reduced  the  size  of  the  set 
of  feasible  solutions.  To  see 


*2 


Figure  6.2  Graphical  Repre¬ 
sentation  of  Wilson's 
TR  Model  with  Budget 
Constraint  Added. 
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this,  compare  the  feasible  region 
in  figure  6.1  for  the  original 
problem  with  that  in  figure  6.2 
for  the  modified  problem.  The 
stippled  area  contains  all  the 
points  representing  solutions  that 
were  feasible  for  the  modified 
problem.  Comparison  of  these  fig¬ 
ures  shows  that  the  optimal 
solution  to  the  original  problem 
(point  C  in  figure  6.1)  is  not 
feasible  for  the  modified  problem. 
To  determine  the  new  optimal 
solution  we  can  use  the  graphical 
procedure  as  before.  Doing  this, 
we  find  that  the  new  optimal 
solution  is  located  at  point  C1 
(figure  6.2).  This  solution  is  - 

=  9^,117.65  ac  res  managed 
for  timber 

=  5,882.35  acres  managed 
for  recreation 

Max  Z  =  $6,205,882.25,  of  which 
$5,647,059.00  comes 
f  rom  t i mbe  r  and 
$558,823.25  comes  from 
recreation. 

The  effects  of  adding  this 
budget  constraint  to  the  problem 
are  shown  in  table  6.2. 


To  summarize,  14,117.65  acres 
were  taken  out  of  recreation 
production  and  placed  in  timber 
production  in  the  modified  problem. 
This  resulted  in  a  reduction  of 
revenue  of  $494,117-75  because  each 
of  the  14,117.65  acres  yielded  $95 
of  revenue  per  acre  when  managed 
for  recreation,  but  only  $60  per 
acre  when  managed  for  timber,  a 
reduction  of  $35  per  acre. 

($35)  (14,117.65)  =  $494  ,1 17-75. 

This  reduction  was  caused  by  the 
fact  that  we  could  only  spend 
$500,000  because  of  our  budget 
limitation;  and  while  in  the 
original  problem,  where  budget 
was  unconstrained,  we  spent 
($4)  (80,000)  +  ($2  1  )  (20 ,000)  = 
$740,000  . 

To  meet  the  required  budget 
reduction,  acres  managed  for  recrea1 
tion  in  the  original  plan  were 
shifted  to  timber  management 
because  of  the  lower  cost. 

As  mentioned  above,  each  time 
we  modify  and  solve  any  LP  plann¬ 
ing  model  ,  we  generate  an  alter¬ 
native  plan.  A  major  purpose  in 
doing  this  is  to  be  able  to 
analyze  trade-offs  between 


ITEM 

OR  1  G 1 NAL 
S0LUT 1  ON 

N  EW 

S0LUT 1  ON 

AMOUNT 

OF 

CHANGE 

DIRECTION 

OF 

CHANGE 

Timber  ( x  ) 

80,000 

94,117.65 

14,117.65 

i  n  c  r  e  a  s  e 

(acres) 

Recreat ion 

(x  )  20,000 

5,882.35 

14,117.65 

decrease 

(acres) 

Revenue 

(z) $6,700,000 

$6,205,882 .35 

$494  ,117.65 

decrease 

Table  6.2  Comparison  of  optimal  solutions  for  two  versions  of  Wilson's 
T  R  model 


alternative  plans  (Analysis  of  the 
Management  Situation  and  Formulation 
of  Alternative  actions,  table  l.l).  In 
the  example  just  cited,  we  have  a 
potential  trade-off  between  budget  and 
revenue.  A  reduction  in  our  budget 
from  $7^0,000  to  $500,000  leads  to  a 
reduction  in  revenue  of  $494,  1  1 7-65- 
Any  comparison  of  these  two  plans  would 
need  to  consider  this  trade-off.  If 
this  were  a  real  situation  it  would 
be  necessary  to  determine  if  an  increase 
in  revenue  of  almost  $500,000  justifies 
an  increased  expenditure  of  $2A0,000. 

In  the  same  way,  other  tradeoffs  arising 
from  changes  in  the  model  can  be  analyzed 
(see  exercise  6.2). 

We  have  just  described  a  very  simple 
example  where  we  have  investigated  the 
effects  of  a  change  in  the  model  on  the 
optimal  solution.  This  sort  of  analysis 
is  often  cal  led  a  sensitivity  analysis  or 
post-optimality  analysis.  For  a  small 
problem  like  this,  the  effect  of  such 
a  change  is  easy  to  see  since  we  can 
use  graphics  to  illustrate  it.  However, 
for  a  large  problem  the  effect  of  such 
a  change  can  be  quite  subtle  and  a 
more  careful  analysis  is  needed.  Most 
computer  packages  print  out,  in 
addition  to  the  optimal  solution, 
information  that  aids  in  sensitivity 
analysis. 

One  important  type  of  change  in  an 
LP  model  that  will  be  made  in  order  to 
generate  alternative  plans  is  a  change 
of  objective  functions.  Within  a 
given  LP  model  ,  one  can  choose  any 
row  or  relationship  to  be  the  objective 
function.  For  example,  consider  the 
modified  Wilson  TR  problem  developed 
in  example  6.1.  The  objective  function 
chosen  is  the  maximization  of  net 
revenue.  Other  objective  functions 
that  could  be  chosen  are: 


1 ) 

Ma  x  i  m  i 

z  e 

timber  production 

2) 

Minimi 

ze 

t i mbe  r  p  roduct i on 

3) 

Ma  x i m i 

z  e 

recreation  producti 

o  n 

A) 

Minimi 

z  e 

recreation  producti 

o  n 

5) 

Minimi 

z  e 

budget 

1  t 

should 

b  e 

obvious  that  choos 

i  ng 

one  of 

these 

alternative  objective 

functions  will  often  lead  to  a  different 
optimal  solution  than  the  one  cor¬ 
responding  to  the  corner  point  C1 
(figure  6.2).  If  we  assume  that  all 
constraints  are  as  specified  in 


example  6.1,  then  the  feasible  region 
will  be  as  shown  in  figure  6.2.  From 
what  we  have  said  about  the  simplex 
method,  we  know  that  the  optimal 
solution,  regardless  of  our  choice 
of  objective  functions  must  occur  at 
one  of  the  four  corner  points  A,  B1, 
C1  or  D.  Of  course,  each  of  these 
corresponds  to  different  allocations 
of  the  land  and  hence  different 
alternative  plans. 


EXAMPLE  6.2  ALTERING  THE  OBJECTIVE 
FUNCT  I  ON  -  MAX  I M I ZE  TIMBER 
PRODUCT  I  ON 


Cons 

i  d  e  r 

the 

o  b  j  e  c  t  i 

"Maximize  t i 

m  b  e  r 

product 

That  is: 

Max  Z  = 

A  0  Ox  ] 
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1  OOx 

subject 

to  : 

acreage 
co  n  s  t  ra  i 

n  t 

X1 

+ 

X 

timber 
dema  nd 
co n s  t  r a  i 

n  t 

AOOx  j 
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1  OOx 

minimum 

rec  rea  t  i 

on 

co  n  s  t  r  a  i 

n  t 

2  Ox 

maximum 

r e  c  r ea  t  i 

o  n 

co n s  t  r  a  i 

n  t 

2  Ox 

budget 
co  n  s  t  r  a  i 

n  t 

S 

+ 

2  1  x 

non- 

n  e  g  a  t  i  v  i 

ty 

cons  t  ra  i 

n  t  s 

x  , 

0  . 

X 

2  - 


2  - 


2  — 


f  u  nc  t  ion 

I  I 


1 00 ,000 

20 , 000 , 00U 

A 0  ,  000 

A 0 0 , 000 
500 , 000 

0 


In  order  to  maximize  timber 
production,  as  many  acres  as  is 
feasible  should  be  allocated  to 
the  timber  intensive  prescription. 
Since  2000  acres  must  be  allocated 
to  the  recreation  prescription 
in  order  to  meet  the  minimum 
recreation  constraint,  98,000 
acres  are  available  for  timber 
intensive  management  and  the 
optimal  solution  occurs  at  the 


AA 


point  D,  Xj  =  98,000  acres,  x^ 

=  2000  acres  (figure  6.2).  From 
this  it  is  easy  to  determine  the 
corresponding  levels  of  outputs 
of  the  various  products  and 
services  as  was  done  in  the 
previous  examples. 


EXAMPLE  6.3  ALTERING  THE  OBJECTIVE 
FUNCT ION  -  MINIMIZE  BUDGET 


x^  then  the  acreage  constraint 
wo  u 1 d  be: 

X]  +  x2  +  x3  =  100, 000 

If  no  other  changes  are  made  in 
the  model  then  the  48,500  acres 
not  managed  under  the  timber  and 
recreation  prescriptions  would  be 
managed  under  the  minimum  level  of 
management  in  this  example. 


Consider  the  objective  function 


One  final  comment  on  examples  6.2 


"Minimize  budget." 

That  is 

; 

and  6.3 

there  is 

i  s 

no 

in  order.  As  presented, 
consideration  of  net 

min  Z  =  4X|  +  21 

X- 

revenue 

i  n 

the  model  once  the  objective 

2 

function 

i  s 

changed.  It  would  be  easy 

subject  to  the  same 

co  n  s  t  r a 

i  n  t  s 

to  recti 

f  y 

this  by  adding  a  revenue 

as  shown  in  example 

6.2. 

co  n  s  t  r  a  i 
ex  am  p 1 e  , 

n  t 
i  f 

if  this  were  desired.  For 

it  were  desired  to  generate 

Clearly,  the  way 

to  min 

i  m  i  z  e 

at  least 

$5 

,000,000  in  net  revenue  a 

budget  is  to  minimize  the  number  of 
acres  managed,  especially  the  num- 

co  n  s  t  r  a  i 

nt 

of  the  form  - 

ber  of  acres  managed 

under 

the 

6 Ox  j 

+ 

95x2  >_  5,000,000 

recreation  prescription  since  it 
is  more  costly  ($21  vs.  $4  for 
the  timber  prescription). 

The  corner  point  A  corresponds 
to  this  and  the  solution  is  to 
manage  the  minimum  of  2000  acres 
under  the  recreation  prescription 
and  49,500  acres  under  the  timber 
prescription.  Note  that  in  this 
solution,  48,500  acres  are  not 
managed  by  either  prescription. 

If  it  is  required  that  all  acres 
be  managed  in  some  fashions  this 
would  be  an  unacceptable  solution. 
There  are  at  least  two  ways  in 
which  the  problem  cpu 1 d  be  modified 
in  order  to  resolve  this  difficulty 
The  simplest  change  would  involve 
the  modification  of 
constraint  to  force 
acres  to  be  managed. 


the  acreage 
all  of  the 
That 


1  s 


x 2  =  100, 000 . 


could  be  included  in  the  model. 

SOME  ADDITIONAL  ASPECTS  OF  LP 
PROBLEM  FORMULATION 

Wilson's  T i m b e r - R e c r ea t i o n  model 
illustrates  problems  that  may  occur 
during  LP  problem  formulation.  These 
difficulties  can  be  encountered  (and 
often  are)  in  LP  problems  of  any  size, 
and  their  characteristics  are  easy  to 
demonstrate  in  a  two-variable  problem 
because  graphical  representation  is 
possible.  Some  aspects  of  problem 
formulation  such  as  an  infinite  number 
of  optimal  solutions  and  redundant 
constraints  don't  cause  any  difficulties 
in  determining  an  optimal  solution,  but 
others  such  as  non-feasible  solutions 
or  an  unbounded  optimal  solution 
make  determination  of  an  optimal 
solution  impossible. 


Note  that  if  this  were  done,  the 
feasible  region  would  become  the 
line  segment  C'D  in  figure  6.2. 

(See  exercise  6.1)  It  is  possible 
that  forcing  all  acres  to  be 
managed  under  one  or  the  other 
of  these  prescriptions  may  be 
undesirable.  An  additional 
prescription,  a  minimum  level  of 
management  could  be  defined.  If 
the  number  of  acres  to  be  allocated 
to  this  prescription  is  denoted  by 


INFINITE  NUMBER  OF  OPT  I MAL 
S0LUT  I  0NS 


Until  now  the  LP  problems 
considered  have  had  a  unique  optimal 
solution.  However,  it  is  possible  for 
an  infinite  number  of  solutions 
satisfying  the  criterion  of  optimality 
to  exist;  that  is,  each  of  these 
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solutions  maximize  or  minimize  the 
objective  function.  To  see  how  this  can 
happen  we  will  change  the  objective 
function  for  the  T i mber - Rec rea t i on 
problem  by  changing  the  coefficient  of 
x2  from  $95  to  $60.  That  is, 

max  revenue  (Z)  =  60xj  +  60x2- 


This  is,  of  course,  equivalent  to 
changing  the  net  return  for  intensive 
recreation  management  from  $95/acre 
to  $60/acre. 

If  we  consider  the  original  problem 
(no  budget  constraint),  then  the  set  of 
feasible  solutions  shown  in  figure  6.3 
is  exactly  the  same  as 
figure  6.1.  However, 
graphical  approach  to 
b 1 em  with  the  mod i f  i  ec 
function,  we  note  that  the  slope  of 
the  lines  representing  trial  objective 
function  values  has  changed  because  of 
the  change  in  the  coefficient  of  x, 


that  shown 

i  n 

when  we 

use 

the 

solving 

the 

p  ro 

object  i 

ve 

In  fact,  the  slope  is  the  same  as 
of  the  line  representing  the  acreage 
constraint.  As  we  plot  lines  cor¬ 
responding  to  increasing  values  of 

we  find  that  eventually  (at 
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revenue  =  $600,000)  the  objective 
function  line  and  the  acreage  constraint 
line  are  one  and  the  same. 

Recall  that  in  our  previous  examples 
as  we  selected  increasingly  large  trial 
values  for  the  objective  function  we 
eventually  reached  a  value  where  the 
objective  function  line  intersected 
only  one  point  (a  corner  point  or 
extreme  point)  in  the  set  of  feasible 
solutions.  This  point  corresponded  to 
the  optimal  solution  (assuming  a 
maximization  problem)  because  when  we 
picked  larger  values  for  the  objective 
function  the  corresponding  lines  lay 
completely  outside  the  set  of  feasible 
solutions.  That  is,  these  lines 
correspond  to  values  of  profit  or 
revenue  that  are  larger  than  the  values 
yielded  by  any  feasible  solution. 

This  holds  for  the  example  in 
figure  6.3  in  that  selection  of  any 
objective  function  value  greater  than 
$600,000  leads  to  a  line  that  lies 
outside  the  feasible  region.  The 
important  point  to  note  is  that  this 
objective  function  line  intersects  the 
feasible  region  not  at  just  one  point, 
but  rather  at  every  point  on  the  line 
segment  CD.  This  means  that  every 
point  on  this  line  segment  corresponds 
to  an  optimal  solution  because  all  these 
points  yield  a  $600,000  return.  This  is 
easy  to  verify  by  determining  the 
coordinates  of  any  point  on  this  line 
segment  and  substituting 
objective  function.  For 
coordinates  of  the  point 

98,000,  x„  =  2000  and 


them  into  the 
examp  1 e ,  the 
D  are  x ,  = 


return  =  (60)  (98,000)  +  (60)(2000) 

=  $600,000. 


Hence  any  solution  (there  are  an 
infinite  number  of  these)  on  this  line 


segment  is  optimal  and  may 
mented.  Note  that  this  is 
the  fact  that  the  slope  of 
objective  function  line  is 
as  the  slope  of  one  of  the 


be  i m  p 1 e- 
cau  sed  by 
the 

the  same 
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lines  (in  this  case  the 
straint).  While  this 
problems  of  any  size, 
sent  any  difficulties 
simplex  method  to  det 
optimal  solution.  In 
method  will  detect  mu 
solutions  if  they  exi 
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in  us 
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the 

fact, 

the  simplex 

t  i  p  1  e 

optimal 
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REDUNDANT  CONSTRAINTS 


Consider  the  addition  of  a  budget 
constraint  to  the  original  TR  model, 
but  now  assume  that  the  budget 
limitation  is  $750,000  instead  of 
$500,000.  That  is,  the  budget  con¬ 
straint  is: 

Ax  +  2 1 x2  ^  750 ,000  . 

A  graphical  representation  of  the  pro¬ 
blem  including  this  constraint  is  pre¬ 
sented  in  figure  6. A.  Note  that  this 
constraint  lies  outside  the  set  of 
feasible  solutions  but  that  every  point 
in  the  set  of  feasible  solutions  sat¬ 
isfies  it  since  it  is  a  <_  constraint. 
Thus,  it  does  not  alter  the  original 
set  of  feasible  solutions,  and  the 
optimal  solution  would  be  exactly  the 
same  as  for  the  original  problem.  A 
constraint  that  does  not  alter  the 
problem  by  changing  the  set  of  feasible 
solutions  is  called  a  redundant  con¬ 
straint.  In  large  problems  redundant 
constraints  are  difficult  to  detect 
because  a  graphical  representation  of 


the  problem  cannot  be  developed.  Most 
efficient  computer  software  LP  packages 
eliminate  redundant  constraints  for  the 
sake  of  efficiency  of  solution  before 
attempting  to  solve  the  problem. 

Another  way  to  describe  redundant 
constraints  is  to  say  they  are  not 
binding  or  that  other  constraints  in 
the  problem  are  more  binding  or  more 
constraining.  This  is  true  here  be¬ 
cause  if  you  will  recall  we  spent 
$7^0,000  to  implement  the  optimal 
strategy  for  the  original  TR  problem. 

This  was  the  most  money  we  could  spend 
because  of  the  acreage  constraint;  that 
is,  we  had  only  100,000  acres  to  manage. 
Since  we  can  spend  at  most  $7^0,000,  it 
is  obvious  that  an  extra  $10,000  (a 
budget  of  $750,000)  is  not  going  to  do 
us  any  good.  In  other  words,  the  acre¬ 
age  limit  is  more  binding  than  a  budget 
of  $750,000  because  we  cannot  spend  that 
much  money  on  the  available  acreage  given 
the  other  constraints.  Of  course,  if 
some  other  constraint  were  changed,  then 
it  might  be  possible  to  exceed  a 
$750,000  budget  and  thus  make  this  con¬ 
straint  binding  (see  exercise  6.3)- 


*2 


NO  FEASIBLE  SOLUTION 


To  illustrate  this  situation  con¬ 
sider  a  budget  limitation  of  $160,000. 
That  is,  the  budget  constraint  is: 

Axj  +  2 1  x2  £_  160,000. 

A  graphical  representation  of  this 
situation  is  shown  in  figure  6.5- 

Note  that  since  the  budget  con¬ 
straint  i  s  a  <_  type  constraint  the  only 
points  which  represent  solutions  that 
require  less  than  $  1  60 ,000  to  implement 
lay  below  the  budget  constraint  line. 
Therefore,  none  of  the  solutions  that 
satisfy  the  budget  constrain  also 
satisfy  the  timber  constraint.  As  a 
result,  there  are  no  solutions  that 
simultaneously  satisfy  these  constraints 
and  there  is  not  set  of  feasible  solu¬ 
tions  to  this  problem.  Problems  like 
this  cannot  be  solved  without  reformula¬ 
tion  to  eliminate  the  infeasibility  and 
this  is  possible  only  if  the  system 
being  modified  has  a  set  of  feasible 
solutions  in  the  first  place. 


Figure  6. A  Graphical  Representation 
of  TR  Problem  with  Budget 
Limit  of  $750,000. 


UNBOUNDED  OPTIMAL  SOLUTION 


Now  we  will  modify  the  TR  problem 
so  that  the  optimal  solution  is  un¬ 
bounded.  That  is,  at  least  one  of  the 
decision  variables  can  take  on 
arbitrarily  large  values  and  still  be 
feasible.  This  situation  occurs  if  we 
eliminate  the  acreage  constraint  from 
the  original  problem.  A  graphical 
representation  of  this  situation  is 
presented  in  figure  6.6. 

Note  that  x^  (acres  managed  for 

timber)  can  take  on  any  value  up  to  plus 
infinity.  Since  X|  is  now  unbounded, 

it  is  possible  to  manage  an  unlimited 
number  of  acres  for  timber  and  generate 
unlimited  net  return.  This  is  obvious¬ 
ly  an  unrealistic  situation  and  no 


TIMBER  EMPHASIS 
(thousands  of  acres) 


realistic  solution  to  the  problem  can 
be  determined. 

Because  we  have  dealt  only  with 
small  problems,  it  may  seem  that  the 
conditions  leading  to  no  feasible 
solution  or  an  unbounded  optimal 
solution  are  easy  to  detect.  For 
real  world  problems,  however,  such 
conditions  are  often  difficult  to 
identify.  Most  computer  LP  packages 
provide  some  clues  as  to  the  cause  of 
an  i n f ea s i b  i  1  i ty  or  an  unbounded 
solution,  but  these  problems  can  be 
difficult  to  locate  and  solve  even  with 
this  additional  information.  When 
large  scale  LP  models  are  formulated, 
a  great  deal  of  time  is  often  devoted 
to  locating  and  correcting  problems 
causing  infeasibilities.  It  is 
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Figure  6.5  Graphical  Representation 
of  TR  Problem  with  Budget 
Limit  of  $160,000 


Figure  6.6  Graphical  Representation 
of  TR  Problem  with  No 
Acreage  Constraint. 
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important  to  realize  that  if  the  model 
is  correctly  formulated  (i.e.,  if  it 
is  an  accurate  representation  of  the 
system)  then  an  unbounded  solution 
should  not  be  present. 

The  following  exercises  refer  to 
the  TR  model  discussed  above. 


EXERC I SE  6.1 


With  reference  to  the  original  TR 
problem  suppose  the  acreage 
constraint  is  changed  to: 

Xj  +  x^  =  100,000  acres 

How  would  this  modify  the  set  of 
feasible  solutions  for  the 
problem?  Graph  this  new  set. 

From  a  management  standpoint,  what 
is  the  implication  of  this  change 
in  the  acreage  constraint?  Will 
the  optimal  solution  for  the 
p  rob  1 em  change? 


EXERC 1 SE  6.2 


Consider  the  modified  TR  problem 
with  the  budget  constraint: 

4x]  +  21x2  £  500,000 

as  discussed  in  the  text.  We  have 
identified  the  trade-offs  in  budget 
and  revenue  that  result  from  the 
imposition  of  this  constraint. 
Discuss  all  additional  trade-offs 
that  result  from  this  new  con¬ 
straint.  Be  sure  to  calculate 
the  actual  amounts  involved  in 
each  trade-off. 


EXERCISE  6.3 


With  reference  to  figure  6.4, 
reformulate  the  TR  problem  so  that 
the  budget  constraint: 

4X]  +  2 1 x  2  <  750,000 

is  no  longer  redundant.  How  many 
different  constraints  could  be 
changed  (one  at  a  time)  to 
accomplish  this? 


EXERCISE  6.4 


With  reference  to  figure  6.5, 
reformulate  the  TR  problem  with 
the  budget  constraint: 

4x]  +  2  1  x  2  1  60,000 

so  that  there  is  a  set  of  feasible 
solutions  to  the  problem.  Graph 
this  reformulated  problem, 
identify  the  set  of  feasible 
solutions,  and  determine  the 
optimal  solution.  Do  you  have  any 
redundant  constraints  in  your 
reformulated  problem? 


EXERC  I  SE  6.5 


Consider  the  original  form  of  the 
TR  model .  Suppose  we  want  to 
change  the  criterion  of  optimality 
to  the  minimization  of  budget 
expenditures.  Also,  suppose  that 
we  require  that  net  returns  must 
be  at  least  $400,000.  All  other 
requirements  are  as  given  in  the 
original  problem.  Formulate  this 
new  problem,  write  out  the  A 
matrix,  B  vector,  draw  a  graphical 
representation  of  the  problem, 
label  the  set  of  feasible  solutions, 
and  determine  the  optimal  solution 
to  the  problem. 

The  following  exercises  deal  with 
additional  land  management  problems. 


EXERC I SE  6 . 63 


Curly  Fuzz  has  800  acres  of  land 
which  is  suitable  for  either  camp¬ 
ing  or  skiing.  He  also  has 
allocated  100  hours  of  his  own 
time  per  month  to  operate  the 
enterprises.  The  camping  enter¬ 
prise  can  be  operated  7  months  of 
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the  year  while  skiing  can  be  con¬ 
ducted  for  only  5  months.  Each 
acre  devoted  to  camping  requires 
1  man  hour  per  year  for  operation 
and  returns  $20  net  income.  Skiing 
requires  the  same  labor  per  acre 
but  returns  $30  net  income  per 
acre.  What  is  the  best  mix  of 
acres  to  devote  to  camping  and 
skiing  to  maximize  Fuzz's  net 
income  if  a  given  acre  can  be  used 
for  one  and  only  one  enterprise? 

Formulate  this  as  a  linear  program¬ 
ming  problem,  draw  a  graphical 
representation  of  the  problem  and 
determine  the  optimal  solution. 


EXERCISE  6.7 


Suppose  you  have  300  acres  which 
may  be  regenerated  by  one  of  two 
possible  methods,  machine  planting 
or  aerial  seeding.  Each  acre 
planted  contributes  $25  to  your 
profit  and  each  acre  seeded  $10. 
Two  man-hours  are  expended  in 
planting  an  acre  while  only  one 
man-hour  is  required  to  seed  an 
acre.  Lastly,  machine  planting 
an  acre  requires  one  planter 
machine  hour  while  aerial  seeding 
an  acre  requires  1/4  hour  flying 
time.  At  most  you  can  plan  on  400 
man  hours,  200  planter  machine 
hours  and  60  flying  hours  for  the 
entire  project.  The  objective 
is  to  maximize  profits. 
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EXERC  I  SE  6.8 


The  Big  1  i —  N-Hel 1  Timber  Company  is 
bidding  on  a  100  acre  block  of 
timber  on  National  Forest  land  and 
wishes  to  know  that  revenue  can  be 
obtained  from  the  harvest  before 
bidding.  The  Forest  Service  has 


stated  that  at  least  100  acre 
feet  of  water  must  flow  down  the 
stream  after  the  cutting  operation 
and  that  sediment  production  can¬ 
not  increase  by  more  than  40  tons. 
The  firm  can  clear-cut  or  cut 
selectively;  the  first  method 
yields  a  profit  of  $500  per  acre 
and  the  second  yields  $75  per 
acre.  C  1  ea r - c u 1 1  i  n g  an  acre 
produces  3  acre  feet  of  water  and 
increases  sediment  0.5  ton  while 
selective  cutting  produces  0.5 
acre  feet  of  water  and  increases 
sediment  0.1  ton.  Set  up  a 
linear  program  that  will  maximize 
profit  from  timber  harvesting  on 
the  100  acres.  Solve  this 
graphical ly. 

The  following  problems  deal  with 
complications  arising  from  improper 
formulation.  To  answer,  draw  the 
graphical  representation  for  each 
problem. 


EXERC  I  SE  6,9 


Can  the  following  problems  be 
solved  as  an  LP  problem?  State 
why  or  why  not. 


max  Z  = 

5X1 

+  1  0x2 

subject  to: 
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X2 

1  0 

2  X  l 

"  X2  = 

20 

EXERC 1 SE 

6.10 

Can  the 
solved? 

f o 1 1 ow i 
State 

ng  LP 
why  or 

problem  be 
why  not. 

max 

Z  = 

5x, 

+ 

6x2 

s  u  b  j 

e  c  t  to: 

1  Ox  ^ 

+ 

1 0x2  £  1  00 

X2 

= 

6  . 

50 


7:  Advantages  &  Dis¬ 
advantages  of 
Linear  Programming 


As  with  any  technique,  Linear 
Programming  ( L  P )  has  certain  advantages 
and  disadvantages  which  influence 
or  limit  its  applicability.  In  this 
section,  we  will  discuss  the  assumptions 
internal  to  Linear  Programming  and  their 
influence  on  application  of  LP  to  land 
management  problems.  We  will  also 
compare  LP  with  some  other  quantitative 
modeling  techniques  that  may  serve  as 
al ternatives . 


however,  be  incorporated  in  certain 
nonlinear  programming  models. 

In  order  to  satisfy  the  linearity 
requirement,  two  additional  assumptions 
about  relationships  between  decision 
variables  are  implied.  These  are  known 
as  proportionality  and  additivity  and 
they  must  hold  in  the  objective  func¬ 
tion  and  in  all  constraints. 

PROPORT  I ONAL I  TV 


ASSUMPTIONS  OF  LINEAR 
PROGRAMMING 

The  assumptions  discussed  include 

•Linear! t  y 
•Non-Negativity 
•Divisibil ity 
•Certainty 

•A  Single  Objective  Function 

Linearity 

All  mathematical  relationships 
expressed  in  any  LP  model  either  in  the 
objective  function  or  the  constraints 
must  be  linear  in  terms  of  the  decision 

variables.  That  is,  there  oannot  be 
any  terms  involving  powers,  cross- 
products,  logarithms,  etc.  For 
example,  the  expressions  - 


Proportionality  means  that  the 
measure  of  effectiveness  (objective 
function)  and  rate  of  resource  usage 
(constraints)  must  be  proportional  to 
the  level  of  each  activity  conducted 
separately.  For  example,  suppose  that 
the  objective  function  of  interest 
involves  profit  maximization  and  that 
Xj  represents  the  number  of  acres  on 

which  a  particular  management  pre¬ 
scription  is  applied.  If  the 
coefficient  of  x  j  in  the  objective 

function  is  $50  this  means  that  each 
acre  of  land  managed  under  the 
appropriate  prescription  will  yield 
as  profit  of  $50.  That  is 
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are  not  linear.  The  last  three  expres¬ 
sions  would  be  invalid  expressions  for 
inclusion  in  an  LP  model.  They  could, 


Said  another  way,  no  matter  how  many 
acres  are  currently  managed  under  this 
prescription  (xj),  the  rate  of  increase 

(decrease)  in  profit  from  this  activity 
will  be  $50  per  acre  increase  (decrease) 
in  the  number  of  acres  so  managed. 

Proportionality  implies  the  same 
relationship  for  the  variables  and 
their  coefficients  in  the  constraints 
except  that  now  the  coefficients  are  a 
measure  of  rate  of  resource  use  rather 
than  a  measure  of  effectiveness.  For 
example,  suppose  we  have  a  constraint 
of  the  form  - 

5Xj  +  lOx^  +  6x^  f.  ^000  , 
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profit  =  $  1 000  +  $900  +  $  1 200 


where  4000  is  the  number  of  units  of 
some  resource  that  is  available  and, 
again,  is  the  number  of  acres  to  be 

managed  according  to  some  management 
prescription.  Proportionality  means 
that  no  matter  how  many  acres  we  manage 
under  this  prescription,  each  acre  will 
consume  5  units  of  the  resource. 


ADD  I T I  V  I  TV 


The  assumption  of  proportionality 
aline  Is  not  enough  to  guarantee  lin¬ 
earity;  it  is  possible  for  i  n te r ract  i  ons 
between  activities  to  occur  (represented 
mathematically  by  cross-product  terms) 
with  respect  to  total  effectiveness  or 
usage.  To  insure  that  this  cannot 
happen,  the  assumption  of  additivity 
must  be  made.  That  is,  the  total 
effectiveness  (objective  function)  and 
total  resource  usage  (constraints) 
resulting  from  conducting  two  or  more 
prescriptions  at  the  same  time  must 
equal  the  sums  of  effectiveness  or  usage 
resulting  from  each  activity  being 
carried  out  separately. 

For  example,  suppose  the  objective 
function  is  - 


max  profit  =  50xj  +  30x^  +  40x^ 

and  Xj  ,  x^ ,  and  x^  equal  the  number  of 

acres  managed  under  each  of  three  dif¬ 
ferent  prescriptions.  The  coefficients 
represent  the  per  acre  profits  for  each. 
Further  suppose  that  - 


Xj  =  20  acres  managed, 
prescription  1 
x^  =  30  acres  managed, 
prescription  2 
x  =  40  acres  managed, 
prescription  3  • 

The  assumption  of  proportionality 
gua  ran  tees  tha  t  - 

profit  from  prescription  1  = 

(50  )  (20)  =  $  1000 

profit  from  prescription  2  = 

(30) (30)  =  $  900 

profit  from  prescription  3  = 
(40)  (30)  =  $  1 200 


The  assumption  of  additivity  guarantees 
that  the  total  profit  from  all  three 
prescriptions  will  equal  the  sum  of  the 
profits  resulting  from  each  one 
separately.  In  this  case, 


=  $3100. 


The  assumption  of  additivity  implies 
the  same  thing  with  respect  to  rates  of 
consumption  of  resources  as  expressed 
by  constraints.  That  is,  if  our  con¬ 
straint  is  - 


5Xj  +  IOX2  +  6x^  4000 

and  Xj,  X2 >  x^  have  the  values  given 

above,  then  the  assumption  of  propor¬ 
tionality  guarantees  that  - 

units  of  resource  used  by 
prescription  l  is  ( 5 ) (20)  =  100 


units  of  resource  used  by 
prescription  2  is  (10)  (30)  =  300 


units  of  resource  used  by 
prescription  3  is  ( 6 )  (30)  =  1 8 0 


The  assumption  of  additivity  guarantees 
that  the  total  amount  of  resource  used 
is  the  sum  of  amounts  used  by  each 
prescription  carried  out  separately. 

In  this  case,  amount  of  resource  used 
=100+  300  +180=  580  units. 


Non-Negativity 

As  has  been  mentioned,  it  is  assumed 
that  all  decision  variables  are  non¬ 
negative  or  that  they  cannot  take  on 
negative  values.  This  assumption  is 
rarely  violated  in  practice,  parti¬ 
cularly  in  land  management  applications. 
Even  if  it  is  violated,  it  presents 
no  problem  in  solving  the  LP  problems 
because  of  various  tricks  that  can  be 
a  p  p  1  i  e  d  . 

Divisibility 

This  assumption  refers  to  the 
ability  of  the  decision  variables  to 
take  on  any  non-negative  value  rather 
than  just  integer  values.  In  other 
words  the  decision  variables  are 
assumed  to  be  continuous  variables. 

Certainty 

It  is  assumed  that  all  coefficients 
in  the  model  (i.e.,  both  those  in  the 
objective  function  and  those  in  the 
constraints)  are  known  constants.  That 
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is,  an  LP  model  is  a  deterministic  model, 
or  one  that  involves  no  uncertainties 
or  probabilistic  elements. 

A  Single  Objective  Function 

Linear  programming  is  often 
criticized  because  it  considers  only  one 
criterion  of  optimality  (objective 
function)  at  a  time.  It  is  possible  to 
optimize  with  respect  to  more  than  one 
criterion  but  each  must  be  considered 
separately.  This  can  be  done  by 
repeatedly  using  the  simplex  method 
to  determine  the  optimal  solution 
corresponding  to  each  objective  function 
of  interest.  Simultaneous  optimization 
for  two  or  more  criteria  is  possible 
only  if  they  can  be  expressed  in  the 
same  units  and  thus  be  incorporated  in 
a  single  objective  function.  Criteria 
or  objecitves  that  cannot  be  expressed 

in  the  same  units  are  often  referred 
to  as  incommensurable  objectives  and 
simultaneous  optimization  of  two  or 
more  of  these  is  beyond  the 
capability  of  any  technique. 

ADVANTAGES  &  DISADVANTAGES 
OF  LINEAR  PROGRAMMING 

Like  all  analytical  techniques, 
the  assumptions  on  which  LP  is  based 
create  advantages  and  d  i  sadvan tages 
that  influence  its  application.  it 
is  important  to  be  aware  of  these 
and  to  recognize  the  limitations 
they  imply.  Linear  programming  has 
often  been  criticized  for  its  dis¬ 
advantages  (i.e.,  linearity,  lack  of 
certain  knowledge  about  the  coef¬ 
ficients,  lack  of  enough  detail  to 
adequately  reflect  reality,  etc.),  and 
while  it  is  certainly  important  to 
recognize  these,  it  is  just  as 
important  to  realize  that  the  alter¬ 
natives  to  LP  also  have  their  dis¬ 
advantages.  Furthermore,  LP  possesses 
certain  advantages  that  place  it  in  a 
favorable  position  when  compared  to 
some  of  the  alternative  modeling 
techniques. 

THE  L I  NEAR  I TY  ASSUMPT I  ON  , 

A  D I SCUSS I  ON 


this  restriction  in  an  LP  model  may 
not  be  as  serious  a  problem  as  some 
claim  it  is.  One  reason  for  this  is 
that  many  nonlinear  relationships 
can  be  approximated  by  linear  ones. 
This  is  often  done  in  a  piecewise 
manner  as  is  indicated  by  the  examples 
in  figure  7.1. 


From  these  examples,  it  can  be 
seen  that  one  can  closely  approximate 
a  nonlinear  relations  h ip  with  segments 
of  straight  lines.  In  such  cases  a 
linear  approximation  is  often  suf¬ 
ficient,  particularly  when  one  con¬ 
siders  our  lack  of  knowledge  about 
some  aspects  of  natural  resource 
systems . 


Perhaps  the  linearity  assumption 
of  LP  has  been  the  target  of  more 
criticism  than  any  other  aspect  of 
the  technique.  While  it  is  certainly 
true  that  the  world  is  not  linear, 


Figure  7.1  Examples  of  Piecewise 

Linear  Approximation  of 
Nonlinear  Relationships. 
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A  special  type  of  linear  programming 
known  as  separable  programming  is 

designed  to  handle  nonlinear  constraints 
by  using  a  piecewise  linear  approxima¬ 
tion  like  that  shown  in  figure  7-1* 
Piecewise  linear  approximation  of  mono¬ 
ton  ical  ly  decreasing  constraints  (Case 
A  in  figure  7-1)  enables  such  relation¬ 
ships  to  be  incorporated  in  conventional 
linear  programming  models.  Such  an 
approach  has  been  utilized  to  handle 
downwa rd - s 1  op  i  ng  demand  curves  in 
timber  production.' 

If  one  simply  cannot  live  with 
linear  approximations  of  nonlinear 
relationships,  there  are  various  non¬ 
linear  programming  techniques  that 
permit  inclusion  of  nonlinear  con¬ 
straints  or  objective  functions  in  the 
model.  Unfortunately,  while  nonlinear 
programming  models  can  be  formulated, 
solution  of  the  same  models  is  often 
not  possible.  This  is  particularly 
true  as  model  size  increases.  In 
other  words,  we  can  relax  the  linearity 
assumption  and  formulate  a  nonlinear 
model,  but  once  we  have  done  this  we 
have  no  guarantee  that  we  can  solve 
the  problem.  In  linear  programming, 
if  all  of  the  assumptions  are  met, 
the  optimal  solution  can  be  determined, 
if  it  exists. 

It  also  turns  out  that  if  we  happen 
to  be  able  to  solve  our  nonlinear 
programming  problem,  it  will  cost  us 
more  than  it  would  for  an  LP  problem 
of  comparable  size.  This  is  because 
algorithms  for  solving  nonlinear 
programming  problems  are  more  complex 
and  computationally  more  inefficient 
than  the  simplex  method.  For  large 
scale  problems  like  those  encountered 
in  land  management  planning,  the 
difference  in  costs  can  be  quite 
significant.  The  guaranteed  solution 
and  computational  efficiency  of  the 
simplex  method  are  two  factors  that 
make  it  advisable  to  sacrifice  non¬ 
linearity  for  large  scale  problems. 


R.  J.  Hrubes  and  D.  I.  Navon,  "Applica¬ 
tion  of  Linear  Programming  to  Downward 
Sloping  Demand  Problems  in  Timber  Production," 
USDA  Forest  Service  Research  Note  P S W- 315, 
P.S.W.  Forest  and  Range  Experiment  Station, 
Berkeley,  California,  1976. 


THE  DIVISIBILITY  REQUIREMENT, 
A  DISCUSSION 


The  divisibility  requirement  or  the 
assumption  that  the  decision  variables 
are  continuous  can  lead  to  problems. 
Often  these  variables  represent 
quantities  that  have  significance 
only  at  integer  values.  For  example, 
it  makes  no  sense  to  talk  about  101.78 
cattle,  2.63  campsites,  or  1050.92 
deer.  When  this  sort  of  thing  happens, 
a  common  practice  is  to  round  down, 
i.e.,  101  cattle,  2  campsites  or  1 0 5 0 

deer.  This  practice  can  be  dangerous 
because  it  is  possible  that  these 
rounded  values  are  either  infeasible 
or  non-opt ima 1 .  Mixed  integer  program¬ 
ming  is  a  technique  that  handles 
problems  with  both  continuous  and 
discrete  decision  variables,  but 
unfortunately  the  solution  algorithm, 
like  those  for  nonlinear  programming, 
can  be  inefficient  and  costly  to  use, 
relative  to  the  simplex  method. 


LP  AS  A  DETERMINISTIC  MODEL, 
A  D I  SCUSS  I  ON 


Our 
natural 
problem 
model  . 
u  n  kn  own 
it  difficult 
effects  such 


limited  understanding  of 
resource  systems  poses  a 
because  LP  is  a  deterministic 
It  implies  that  there  are  no 
coefficients.  This  can  make 
to  assess  both  favorable 
as  board-foot  yields  per 


acre,  cow-calf  AUM's  and  acre  feet  of 
water  produced,  and  unfavorable 
impacts  such  as  tons  of  sediment 
resulting  from  implementation  of 
management  prescriptions. 

Furthermore,  many  of  the  coef¬ 
ficients  are  estimates  of  conditions 
or  outputs  that  are  to  take  place  in 
the  future.  Many  land  management  LP 
models  consider  the  scheduling  of 
prescriptions  in  the  future  and  do 
not  consider  the  possibility  that 


these 


a  c  t  1  v  1  ties 

1 


may  not 


occur 

LP  model's  allocation  of  acres 
prescriptions  is  dependent,  in 
on  the  quantities  of  different 


A  n 
to 

part, 
p  rodu  ct  s 


the  quantities  of  d 
that  are  produced  since  they  are  the 
measure  by  which  the  merits  of  each 
prescription  are  assessed.  Thus, 
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incorrect  values  for  these  coefficients 
can  lead  to  a  different  allocation  of 
acres  and, hence,  different  levels  of 
resource  outputs,  than  would  be  obtained 
if  proper  values  were  utilized. 

Fortunately,  the  influence  both  of 
changed  coefficients  and  of  future 
changes  in  activities  on  the  acreage 
allocation  can  be  assessed  through 
sensitivity  analysis.  Linear  program¬ 
ming  models  with  probabilistic  com¬ 
ponents  have  been  developed,  but  they 
suffer  from  the  same  disadvantages  in 
terms  of  solution  efficiency  as  non¬ 
linear  programming  and  mixed  integer 
p  rog  ramm i ng . 


NONQUANT  I  F I  ABLE  BENEFITS, 
A  DISCUSSION 


Related  to  prescriptions  whose 
beneficial  effects  are  not  quantifiable 
is  that  of  the  need  to  quantify  the 
effects  of  management  prescriptions. 

This  limitation  influences  model 
development  in  the  same  way  that 
uncertainty  does.  Examples  include  - 
the  printing  of  brochures  designed  to 
disperse  recreation  use,  range  prac¬ 
tices  that  keep  cattle  away  from  heavily 
grazed  areas,  and  research  into 
particular  aspects  of  the  biological 
system  being  managed.  The  solution 
to  this  problem  lies  in  the  recogni¬ 
tion  that  no  single  model  or  approach 
can  incorporate  all  aspects  of  a  "real 
world"  problem.  Specifically  only 
those  practices  that  can  he  well 
quantified  should  be  included  in  an 
LP  model.  That  is,  while  the  LP 
allocation  of  prescriptions  may  pro¬ 
vide  the  basis  of  a  plan,  the  complete 
plan  will  also  include  numerous 
items  never  considered 
ed  in  the  model  itself 
other  analytical  tools 
involvement  procedures 
output  analysis  may  be 
assess  the  merit  of  prescription 


by  or  i ncorpora- 
In  some  cases, 
such  as  public 
and  input- 
utilized  to 
2 
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Betters , 


Quantitative  Techniques . 


MODELSIZE 

Several  of  the  above  considerations 
relate  to  model  size,  a  concept  we  have 
alluded  to  several  times  in  this 
manual.  As  mentioned  above,  one 
advantage  of  LP  is  that  several 
thousand  variables  and  mathematical 
relationships  can  be  incorporated 
into  a  single  model.  Even  so,  there 
are  problem  size  limitations  in  terms 
of  model  costs  arising  both  from 
required  computer  solution  time  and 
storage  requirements  for  the  data 
included  in  the  model.  Even  the  most 
sophisticated  computer  LP  solution 
packages  have  limitations  on  problem 
size  and,  in  addition,  output  from 
very  large  problems  can  be  difficult 
to  interpret.  As  an  example,  the  FMPS 
package  on  the  system  at  Fort  Collins 
cannot  handle  problems  with  more  than 
8000  rows.  In  short,  restricting  the 
model  by  including  only  those  factors 
that  can  be  meaningfully  quantified  is 
an  important  consideration  if  LP  is  to 
be  utilized  effectively.  Again,  this 
is  a  reflection  of  the  point  made  above 
that  no  single  model  can  incorporate 
all  aspects  of  a  "real  world"  problem. 

In  conclusion,  LP,  like  all 
modeling  techniques  has  numerous 
advantages  and  disadvantages.  Important 
reasons  for  its  being  recommended  for 
Forest  planning  include: 

1)  It  is  one  of  few  techniques 
that  can  be  used  to  deal  with 
problems  of  the  size  encountered 
in  forest  planning, 

2)  It  is  an  optimization  technique 
and  thus  may  be  used  to  satisfy 
some  of  the  requirements  in  the 
NFMA  regulations, 

3)  It  is  more  nearly  operational 
within  the  agency  than  other 
modeling  techniques,  and 
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4)  There  is  some  background  of 

experience  within  the  agency  from 
prior  LP  modeling  efforts. 

It  should  not  be  implied  from  the 
preceeding  discussion  that  LP  is 
the  panacea  to  the  forest  planning 
problem  that  some  believe  it  to  be. 

One  does  not  simply  formulate  an 
LP,  generate  some  runs  and  have  a  set 
of  forest  plan  alternatives.  Con¬ 
siderable  additional  work  is  needed 
to  take  an  LP  solution  and  use  it 
to  develop  an  alternative  plan. 

Research  is  needed  for  the  purpose 
of  developing  improved  modeling 
approaches.  For  example,  the  fact 
that  an  LP  model  considers  only  a 
single  objective  function  was  men¬ 
tioned  earlier  in  this  section.  Land 
management  planning  on  National 
Forests  must  respond  to  many  conflict¬ 
ing  objectives  and  the  normal  practice 
in  cases  where  LP  has  been  applied 
has  been  to  determine  the  optimal 
solution  for  each  objective  of  interest. 
The  disadvantage  of  this  approach  is 
that  each  objective  or  criterion  of 
optimality  is  considered  more  or  less 
independently  when  simultaneous  con¬ 
sideration  of  several  objectives  is 
desirable.  Unfortunately  as  was 
mentioned  above,  a  single  solution 
that  optimizes  a  set  of  conflicting 
objectives  simultaneously  does  not 
exist.  Multiobjective  optimization 
techniques  should  be  investigated  in 
order  to  determine  their  applicability 
to  forest  planning  problems.  Follow¬ 
ing  is  a  brief  introduction  to  one 
multiobjective  technique,  goal  program¬ 
ming  which  happens  to  be  a  special  case 
of  linear  programming. 


GOAL  PROGRAMMING:  A  SPECIAL 
CASE  OF  LINEAR  PROGRAMMING 

As  described  above,  one  limitation 
of  LP  is  the  fact  that  it  cannot  deal 
with  problems  i n vo 1 v i ng  -mu  1 t  i  p  1  e 
incommensurable  objectives.  However, 
there  is  a  class  of  techniques  known 
as  multiple  optimization  or  vector 
optimization  techniques  that  employ 
multiple  decision  criteria  for  the 
purpose  of  determining  a  -preferred  or 
satis f 'icing  solution  to  such  problems. 


The  multiple  optimization  technique 
that  has  been  applied  most  often  is 
known  as  goat  programming.  While  this 
technique  is  not  the  subject  of  this 
manual,  its  usage  is  widespread  enough 
to  justify  a  brief  introduction.  The 
promary  purpose  of  this  introduction 
is  to  provide  the  reader  with  some 
insight  into  the  relationship  between 
the  LP  and  goal  programming^ . 


An  Example 

One  way  to  introduce  goal  programm¬ 
ing  is  by  means  of  an  example.  Towards 
that  end,  consider  the  following 
modification  of  Wilson's  TR  problem 
(see  section  6)  into  a  goal  programming 
problem 

Suppose  the  land  manager  has 
identified  the  following  goals: 

1)  He  would  like  to  maximize  the 
production  of  recreation  visits. 

2)  He  would  like  to  harvest  as 
much  timber  as  possible. 

In  order  to  represent  these  goals  in  a 
goal  programming  model,  it  is  necessary 
to  quantify  them  by  specifying  targets. 
There  are  several  ways  of  doing  this 
but  a  recommended  procedure  is  to 
specify  targets  that  correspond  to  the 
optimum  level  for  each  goal  or  criterion 
considered  by  itself.  This  can  be  done 
by  solving  two  separate  LP  problems, 
one  with  an  objective  function  that  will 
maximize  the  production  of  recreation 
visits,  and  the  other  with  an  objective 
function  that  maximizes  timber  harvest¬ 
ing.  Each  LP  would  have  the  set  of 
constraints  defined  for  the  original 
Wilson's  TR  problem  in  section  6. 


3 

For  a  more  complete  description  of  goal 
programming,  see  Richard  C.  Field,  Linear  and 
Goal  Programming  as  Complementary  Planning 
Models  in  National  Forest  Timber  Management. 
Unpublished  Ph.D.  Dissertation.  University  of 
Georgia  and  Field,  R.  C.,  P.  E.  Dress  and  J.  C. 
Fortson,  1980.  Complementary  Linear  and  Goal 
Planning  Procedures  for  Timber  Harvest 
Scheduling 3  Forest  Science,  Volume  26,  No.  1, 
PP.  121-133. 
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If  the  reader  reviews  the  dis¬ 
cussion  in  section  6  and  examines  the 
graphical  representation  of  Wilson's 
TR  model  in  figure  6-1,  it  is  easy  to 
determine  that  the  optimal  solutions 
for  each  of  the  LP  problems  correspond 
to  the  corner  points  C  and  D  of  the 
set  of  feasible  solutions.  Thus,  for 
the  first  goa 1  , 


X1 

+ 

X 

ho 

< 

1  00,000 

4  0  0  x  1 

+  100x2 

> 

20,000,000 

20x2 

> 

40,000 

20x2 

< 

400 ,000 

X1 

> 

0 ,  x2  >  0 

the  target  value  =  400,000 
recreation  visits, 

and  this  is  obtained  by  managing  80,000 
acres  of  timber  (x^  =  80,000)  and 

20,000  acres  for  recreation  (x2  = 

20,000).  For  the  second  goal, 


The  fourth  constraint  pertains  to 
our  recreation  goal.  In  our  discuss¬ 
ion  of  the  simplex  method  in  section 
6,  we  introduced  the  concept  of  slack 
and  surplus  variables.  Let  x^  be  the 

slack  variable  for  this  constraint. 
Then  we  have 


the  target  value  =  39,400,000 
board  feet  of  timber, 

and  this  is  obtained  by  managing  98,000 
acres  for  timber  (x^  =  98,000)  and 

2000  acres  for  recreation  (x2  =  2000). 

It  should  be  obvious  to  the  reader 
that  the  objective  functions  for  each 
of  the  LP  problems  just  discussed 
would  be: 

for  goal  1:  max  recreation  visits 
=  20x2, 

for  goal  2:  max  timber  production 

=  400Xj  +  lOOx^. 

Let's  now  consider  a  different  way  of 
expressing  the  objective  functions 
that  correspond  to  each  of  these  goals. 
In  so  doing,  we  can  examine  one  of  the 
differences  between  LP  and  goal 
programming,  this  being  the  way  in 
which  the  objective  function  is 
expressed . 


DEFINING  THE  FI  R  ST  GOAL 


For  now,  consider  only  the  first 
goal.  The  constraints  for  the 
original  problem  are: 


20x9  +  x,  =  400,000  visitor  days 


As  we  saw  in  section  6 
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measures 


the  difference  between  the  amount  of 
visitor  days  produced  and  the  limit  of 
400,000  imposed  by  the  carrying 
capacity  of  the  system.  That  is, 


x^  =  400 , 000  -  20x2  • 

This  suggests  that  we  can  state  the 
manager's  recreation  goal  in  terms  of 
the  slack  variable  x^  because  maximizing 

the  production  of  recreation  visits  is 
equivalent  to  minimizing  x^  because 

maximizing  the  production  of  recreation 
visits  is  equivalent  to  minimizing  x  ^ 

because  as  discussed  above,  400,000 
visitor  days  is  both  the  target  for  the 
goal  and  the  maximum  amount  that  can 
be  produced.  The  goal  programming 
formulation  for  the  first  goal  consider¬ 
ed  above  is: 


min  Z  j  =  x^ 
subject  to: 


X1  +  X2 

1  00 ,000 

400Xj  +  100x2 

>_  20,000,000 

20x2 

_>  40,000 

20x2  +  x3 

=  400,000 

x,  >  o, 

x2  -  0  »  x2  - 
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Note  that  this  simple  example  of  a  goal 
programming  problem  is  just  a  minimiza¬ 
tion  LP  problem  with  the  objective 
function  expressed  in  terms  of  a  slack 
variable. 

A  characteristic  of  all  goal 
programming  problems  is  that  their 
criteria  of  optimality  involve  the 
minimization  of  one  or  more  slack  and/or 
surplus  variables.  This  is  because 
goal  achievement  is  expressed  in  terms 
of  either  the  amount  of  underachieve- 
ment  (value  of  the  slack  variable)  or 
the  amount  of  ove r ach i evemen t  (value 
of  the  surplus  variable). 

In  goal  programming _,  eaoh  goal  can 
be  defined  in  one  of  three  ways.  These 
are : 

1)  Both  under  and  overachievement 
are  possible . 

2)  Only  underachievement  is 
possib  le . 

3)  Only  overachievement  is 
possible . 

Since  it  has  been  determined  that 
400,000  visitor  days  is  the  carrying 
capacity  limit,  the  second  approach 
where  only  underachievement  is 
possible  is  used  in  the  above  example. 
That  is,  the  above  problem  formula¬ 
tion  does  not  permit  the  production  of 
more  than  400,000  visitor  days.  If 
both  under  and  overachievement  were 
to  be  permitted  (approach  l)  then  both 
a  slack  variable  (which  measures  under¬ 
achievement)  and  a  surplus  variable 
(which  measures  ove r ac h i e veme n t )  would 
need  to  be  defined.  If  only  over¬ 
achievement  is  permitted,  then  only  a 
surplus  variable  is  defined. 


DEFINING  THE  SECOND  GOAL 


Now  we  shall  consider  the  manager's 
second  goal,  that  of  maximizing  timber 
production.  Examination  of  the  con¬ 
straints  for  the  original  problem  re¬ 
veals  that,  unlike  the  case  of  the 
recreation  goal,  there  is  no  con¬ 
straint  that  reflects  or  incorporates 
the  timber  goal.  If  the  constraint 

400x]  +  I00x2  £  39,400,000 


is  added  to  the  problem  then  it  is 
possible  to  reflect  the  timber  goal. 

This  is  done  in  the  same  fashion 
as  with  the  recreation  goal,  i.e.,  a 
slack  variable,  say  x^  is  defined 
such  that 

400x^  +  100x2  +  x^  =  39,400,000. 

This  slack  variable  measures  the 
difference  between  the  actual  amount 
of  timber  produced  and  the  target 
value.  That  is, 

x^  =  39,400,000  -  400xj  -  lOOx^. 

As  with  recreation  goal  ,  we  can  state 
the  timber  goal  in  terms  of  the  slack 
variable,  which  in  this  case  is  x^. 

We  know  from  the  above  discussion 
that  we  cannot  produce  more  than 
39,400,000  board  feet  of  timber.  Since 
increasing  the  amount  of  timber  pro- 


duced  is  the 

same 

a  s 

reduc i ng  the 

value  of  x i 

(or  v 

i  ce 

versa),  maximiza- 

tion  of  timber  is 

ach  i  eved  by  minimi 

z  - 

i  n g  x ^  .  The 

problem 

in  terms  of  the 

timber  goal 

i  s  : 

min  Z  2  = 

X4 

subject 

to  : 

xi  + 

X  2 

£  100,000 

400x1  + 

1  0  0  x  2 

>_  20 ,000 ,000 

2  0  x  2 

>_  40,000 

20x2 

1  400,000 

400x |  + 

1  0  0  x  2 

+  X 

h  =  39,400,000 

X1 

1  V 

o 

,  x2  1  0  ,  x^  >_ 

0 

Note  that  the  timber 

constraint  has 

been 

added  to  the 

problem. 

DEALING  WITH  INCOMMENSURABLE 
OBJECT  IVES 


Up  to  now  we  have  considered  each 
goal  separately.  Since  the  goals  are 
expressed  in  different  units  (board 
feet  and  visitor  days),  this  is  a 
situation  where  there  are  incommensurable 
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objectives.  Thus  simultaneous 
optimization  of  both  of  these  goals 
as  they  are  currently  expressed  is 
impossible.  Two  approaches  to  the 
solution  of  this  problem  that  have 
been  developed  are  cardinal  weighting 
goal  programming  and  pre-emptive  ranking 
goal  programming. 

In  the  cardinal  weighting  approach, 
all  goals  are  assumed  to  be  in  the  same 
units  and  a  single  objective  function 
is  formulated.  The  coefficients  in 
this  objective  function  are,  in  effect 
penalties  for  non-achievement  of  the 
various  goals.  In  our  example  suppose 
the  objective  function  is 


min  Z  =  x  „  +  x. 


In  this  case  both  coefficients  are  1 
which  means  that  the  underachievement 
of  the  recreation  goal  has  the  same 
contribution  per  visit  to  Z  as  the 
underachievement  of  the  timber  goal 
does  per  board  foot.  In  other  words, 
the  two  goals  have  equal  importance  in 
this  case.  In  a  typical  analysis  using 
cardinal  weighting,  the  coefficients  or 
penalties  must  be  differentially 
weighted  in  order  to  incorporate  the 
decision  maker's  preferences.  For 
example,  a  penalty  of  1.5  might  be 
attached  to  each  visit  by  which  the 
recreation  goal  is  underachieved.  The 
objective  function  (assuming  the 
penalty  for  timber  is  unchanged) 
becomes 


determined  and  an  analysis  of  these 
tradeoffs  can  help  the  decision  maker 
choose  a  preference  structure  for 
the  goals  being  considered. 

To  properly  apply  this  method, 
care  must  be  taken  in  the  choice  of 
targets  for  each  goal.  An  approach 
such  as  the  one  discussed  above  for 
the  recreation  and  timber  goals  will 
insure  that  only  non-inferior  levels 
of  goal  achievement  will  be  considered 
in  the  trade-off  analysis.  For  any 
set  of  goals,  a  non-inferior  set  of 
achievement  levels  is  defined  to  be 
one  where  there  does  not  exist  another 
feasible  set  of  achievement  levels,  or 
where  for  each  goal,  the  actual  achieve¬ 
ment  is  at  least  as  good  as  that  for 
the  set  of  achievement  levels  being 
considered.  Said  another  way,  inferior 
solutions  lie  in  the  interior  of  the 
feasible  region  rather  than  in  the 
bounda  ry . 

For  example  consider  the  following 
sets  of  achievement  levels  for  the 
recreation  and  timber  goals  in  Wilson's 
TR  problem: 


Recreation 

Timber 

set 

1 

1  00 ,000 

20,000,000 

set 

2 

370 ,000 

20,000,000 

set 

3 

390,000 

1  9,000,000 

set 

h 

600 ,000 

U2  ,000,000 

min  Z  =  1  .  5x ^  +  x^  . 

This  choice  of  penalties  implies  that 
the  decision  maker  prefers  under¬ 
achievement  of  the  timber  goal  (penalty 
of  1  per  board  foot)  to  the  under¬ 
achievement  of  the  recreation  goal 
(penalty  of  1.5  per  visit). 

The  problem  with  this  approach  lies 
in  the  choice  of  a  single  set  of 
penalties  or  weights.  For  example,  who 
is  to  say  which  of  the  sets  of  weights 
just  given  is  better  and  why?  Rather 
than  doing  this,  a  more  rational 
approach  is  to  consider  several  dif¬ 
ferent  sets  of  weights  or  penalties. 
This  will  result  in  the  formulation  of 
a  number  of  objective  functions  and  the 
problem  can  be  solved  for  each  one. 
Tradeoffs  between  different  levels  of 
achievement  of  the  goals  can  be 


Clearly,  set  2  is  better  than  set  1  for 
recreation  and  equal  to  it  for  timber. 
Thus  set  1  is  inferior  to  set  2  or  con¬ 
versely,  set  2  is  non-inferior  to  set 
1.  Sets  2  and  3  are  not  comparable 
without  additional  information  because 
one  is  better  in  recreation  and  the 
other  is  better  in  timber.  (The  same 
problem  arises  in  a  comparison  of  sets 
1  and  3)-  Set  A  is  not  feasible  in 
terms  of  Wilson's  TR  problem  as  we  saw 
in  the  discussion  of  setting  goal 
ta  rgets . 

Setting  targets  as  was  done  for 
recreation  and  then  timber  will  ensure 
that  sets  like  set  1  will  not  be 
considered  in  the  trade-off  analysis. 
Cardinal  weighting  goal  programming 
is  more  efficient  than  LP  for  this 
type  of  analysis.  For  more  detail  on 
this  approach,  the  reader  is  referred 
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to  the  two  papers  by  Feld  et  at.  cited 
earlier  in  this  section. 

The  pre-emptive  ranking  approach 
to  goal  programming  considers  each  goal 
separately.  In  this  approach,  a 
priority  or  importance  ranking  is 
established  and  the  achievement  of  the 
highest  priority  goal  is  considered 
first,  after  which  the  second  priority 
goal  is  considered  and  so  on  for  the 
remaining  goals. 

Suppose  in  our  example  that  the 
recreation  visitor  day  goal  is  assigned 
first  priority  and  the  timber  goal 
second  priority.  In  an  attempt  to 
satisfy  the  first  priority  goal,  the 
following  LP  problem  would  be  solved: 


min  Z 

1 

x3 

subject 

to  : 

X1 

+ 

X2 

£  100,000 

400x] 

+ 

1  00x2 

>_  20,000,000 

20x2 

-  40,000 

20x2 

+  *3 

=  400,000 

400x 

+ 

1  0  0  x  2 

+ 

+  x^  =  39 ,400 ,000 

X1 

> 

Csl 

X 

o 

1  V 

o 

x3  1  °,  x4  1  0 

Solution  of  this  problem  yields  produc¬ 
tion  of  visitor  days  at  the  limit  of 
feasibility  or  400,000  as  discussed 
above.  In  other  words,  this  goal  is 
completely  achieved  (x^  =  0)  which  is 


to  be  expected  because  of 
which  we  chose  the  target. 

Before  attempting  to  satisfy 
second  priority  goal, 
would  be  added  to  the 
insure  that  the  level 
of  the  first  priority 
violated, 
constrai nt 


the  way  in 
the 

a  constraint 
problem  to 
of  ach i evemen  t 
goal  is  not 
In  this  example,  a  suitable 
would  be  x  _  =  0.  In  an 


attempt  to  satisfy 
goal,  following  LP 
solved: 


3 

the  second  priority 
problem  wou Id  be 


min  Z  ^  =  x^ 
subject  to: 


X1 

+ 

X  2 

< 

1  00  , 

000 

4  0  0  x  1 

+ 

1  0  0  x  2 

> 

20 ,000  , 

000 

20x2 

> 

40, 

000 

2  0  x  2 

+ 

X3 

400  , 

000 

400x3 

+ 

1  00x2 

+ 

+  - 

39,400  , 

000 

X3 

0 

X1 

> 

0  ,  x2 

> 

0  ,  x3  >_  0 

,  x^  >  0 

optima 

1 

solution 

to  this 

problem 

i  s 

the  same  as  given  above  for  the  recrea¬ 
tion  goal.  In  each  case  a  total  of 
34,000,000  board  feet  are  produced. 

The  amount  of  timber  produced  does  not 
increase  even  when  the  timber  goal  is 
considered  because  to  increase  timber 
production  would  require  a  reduction  in 
recreation  visits  (see  figure  6.1)  thus 
violating  the  constraint  x^  =  0.  Note 

that  in  this  case  the  LP  formulation 
and  the  pre-emptive  ranking  goal  formu¬ 
lation  yield  exactly  the  same  optimal 
solution.  This  is  not  ordinarily  the 
case.  For  example,  if  one  reverses  the 
goal  priorities  (i.e.,  making  timber 
priority  1  etc.)  the  optimal  solution 
will  correspond  to  point  D  in  figure  6.1. 
The  reader  may  find  it  useful  to 
verify  this. 

Solution  of  a  pre-emptive  goal 
programming  problem  consists  of  the 
solution  of  each  of  a  sequence  of  LP 
problems,  one  for  each  goal  priority 
level  that  has  been  defined.  Each 
succeeding  LP  problem  is  modified  by 
the  addition  of  constraints  to  insure 
that  the  level  of  achievement  of  all 
higher  priority  goals  is  not  violated. 

We  saw  this  in  our  example  with  the 
addition  of  the  constraint  x^  =  0  to  the 

second  LP  problem  to  insure  that  the 
level  of  achievement  of  visitor  days 
not  be  reduced  in  attempting  to  satisfy 
the  dollar  benefits  goals. 
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This  characteristic  of  the  pre¬ 
emptive  ranking  approach  implies  that 
goals  at  a  given  priority  level  are 
infinitely  more  important  than  those 
at  lower  priority  levels.  Suppose  it 
were  necessary  to  reduce  the  level  of 
achievement  of  some  goal  by  one  unit 
in  order  to  obtain  one  unit  of  a 
commodity  associated  with  a  lower 
priority  goal.  Since  higher  priority 
goal  achievement  cannot  be  violated, 
no  units  of  the  commodity  associated 
with  the  lower  priority  goal  would  be 
produced.  This  implies  that  the  last 
unit  of  the  commodity  associated  with 
the  higher  priority  good  is  more 
important  than  the  first  unit  of  the 
commodity  associated  with  the  lower 
priority  goal.  Obviously,  this  is  not 
very  realistic  since  the  tradeoff  be¬ 
tween  different  commodities  is  rarely 
this  clearcut  in  real  world  situations. 
A  trade-off  analysis  using  cardinal 
weighting  goal  programming  as  dis¬ 
cussed  above  is  more  likely  to  reflect 
preferences  in  such  situations. 

Another  disadvantage  of  the  pre¬ 
emptive  ranking  approach  is  that  it 
is  possible  that  one  will  end  up  with 
an  inferior  set  of  goal  achievement 
levels.  This  is  especially  true  if 
goal  targets  are  selected  in  an 
arbitrary  fashion  as  has  often  been 
done  in  cases  where  this  technique 
has  been  applied.  As  discussed  above, 
this  is  also  a  problem  with  cardinal 
weighting  goal  programming.  However, 
because  of  the  characteristics  of  pre¬ 
emptive  ranking,  there  is  no  way  to 
guarantee  that  only  non-inferior  sets 
will  be  considered  as  can  be  done  with 
the  cardinal  weighting  approach.  This 
is  due  in  part  to  the  fact  that'  in  the 
cardinal  weighting  approach  there  is 
only  a  single  objective  function  and 
hence  only  a  single  pre-emptive  rank. 
Said  another  way,  no  goal  can  pre¬ 
empt  any  other.  For  a  good  discussion 
of  the  disadvantages  of  pre-emptive 
ranking  goal  programming  the  reader 
is  referred  to  the  paper  by  Dyer 
et  al .  ^ 


To  summarize  this  brief  introduc¬ 
tion  to  goal  programming,  the  following 
points  are  worth  noting: 

1)  Both  types  of  goal  programming 
are  special  cases  of  LP  and  have  all  of 
the  advantages  and  disadvantages 
associated  with  the  latter  technique. 

2 )  In  a  d  d  i  t  ion,  both  approaches 
to  goal  programming  suffer  from  the 
disadvantages  outlined  above. 

3)  The  objective  functions  for 
goal  programming  are  always  expressed 

in  terms  of  slack  and  surplus  variables. 
In  goal  programming  terminology  these 
are  called  deviational  variables 
because  they  measure  the  amount  of 
deviation  between  actual  goal  achieve¬ 
ment  and  the  desired  goa|  level.  They 
are  usually  denoted  by  d  for  under¬ 
achievements  and  d  for  overachieve¬ 
ments. 

A)  In  the  pre-emptive  ranking 
approach  to  goal  programming,  the 
final  solution  may  be  sub-optimal  or 
inferior  in  that  it  lies  on  the 
interior  of  the  feasible  region.  This 
is  caused  by  the  infinite  weights 
described  above  for  higher  priority 
goals.  Such  a  solution  is  sometimes 
called  a  satisficing  solution. 

5)  Properly  formulated  cardinally- 
weighted  GP  can  more  conveniently  than 
LP  produce  the  trade-off  surface  in  a 
multiple  criterion  problem  and  provide 
the  basis  for  a  compromise  solution 
that  is  non  inferior. 
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